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Summary 

Statement  of  problem  studied 

This  research  effort  was  a  multi-pronged  effort  to  develop  integrated  nanomechanical 
and  nanoelectronic  devices,  to  explore  what  new  types  of  physics  could  be  investigated 
using  the  integrated  devices.  The  main  goal  was  to  create  a  coupling  between  the 
electronic  and  the  mechanical  degrees  of  freedom  (phonons),  that  could  be  detected 
either  by  its  effect  on  the  dc  transport  properties  of  the  electronic  device,  or  by  direct 
detection  at  the  resonant  frequency  of  the  mechanical  structure. 

Our  efforts  were  therefore  directed  at  a  number  of  different  areas:  fabrication  of 
mechanical  devices  using  materials  with  strong  piezoelectric  effects  (GaAs  and  AIN); 
fabrication  of  electronic  devices  with  potentially  strong  coupling  to  phonons,  either 
through  the  piezoelectric  effect  or  through  deformation  potential  coupling  (quantum  dots 
and  Josephson  junctions),  and  fabrication  of  electronic  devices  with  strong  coupling  to 
the  charge  (single  electron  transistors,  SETs).  The  various  electronic  devices  were 
integrated  in  a  number  of  different  ways  with  mechanically  suspended  structures.  In 
addition  to  the  experimental  effort,  we  also  spent  some  effort  developing  theoretical 
models  and  approaches  for  understanding  and  predicting  some  of  the  behavior  in  these 
types  of  structures. 


Summary  of  important  results 

Over  the  course  of  this  project  we  have  developed  a  large  number  of  experimental  and 
theoretical  concepts  in  a  number  of  different  areas.  We  have  developed  two  major 
materials  systems  for  applications  in  nanomechanical/nanoelectronic  systems  (AIN  and 
GaAs).  We  have  implemented  a  number  of  electronic  devices  integrated  with 
nanomechanical  structures  (quantum  point  contacts,  quantum  single  and  double  dot 
structures,  Josephson  tunnel  junctions,  single  electron  transistors).  We  have  developed 
and  measured  the  phonon  conductance  and  electron  phonon  coupling  using  a  variety  of 
SIN  tunnel  junction  structures,  both  at  quasi-dc  and  at  radio  frequencies,  the  latter 
allowing  us  to  probe  the  time  dynamics  of  the  electron-phonon  coupling.  We  have 
theoretically  developed  concepts  relating  to  phononic  band  gaps  analogous  to  photonic 
band  gaps,  an  architecture  for  coupling  Josephson  phase  qubits  with  nanomechanical 
resonators  for  phase-coherent  communication  and  phase  state  storage,  and  a 
piezoelectric  coupling  scheme  for  SETs  coupled  to  a  piezoelectric  beam  of  GaAs. 

Significant  accomplishments  included  the  development  of  a  quantum-point  contact 
displacement  sensor,  demonstrated  at  4.2  K  but  in  principle  operable  at  room 
temperature;  quasi-dc  and  radiofrequency  thermometry  allowing  us  to  measure  the 
static  and  dynamic  temperature  in  a  mechanically  suspended  structure,  as  well  as  the 
phonon  conductance  through  highly  transmissive  supporting  beams. 

One  of  the  more  notable  successes  was  in  strongly  coupling  a  SET  to  a  doubly  clamped 
mechanical  resonator,  with  detection  through  the  capacitive  coupling  of  the  resonator  to 
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the  gate  of  the  SET.  With  this  approach,  we  were  able  to  detect  displacements  of  the 
resonator  with  as  small  as  23  fm  amplitude,  and  the  displacement  noise  we  achieved 
was  about  2x10'^^  m/Hz^^^,  only  a  factor  of  100  above  the  quantum  noise  limit  for  that 
beam,  with  a  resonance  frequency  of  116  MHz.  A  1  GHz  beam  would  have  a  bit  more 
than  three  times  the  displacement  noise  and  therefore  its  quantum  noise  would  be  only 
roughly  one-twentieth  that  of  our  displacement  detector.  This  result  was  published  in  the 
journal  Nature,  and  had  significant  impact  in  the  media,  with  articles  in  the  New  York 
Times  and  various  on-line  technical  newsletters.  The  future  direction  for  this  work  would 
be  to  attempt  the  same  measurement  with  a  higher  frequency  resonator,  improve  the 
coupling  to  reduce  the  effect  of  the  noise,  and  to  then  attempt  squeezing  both  in  the 
thermal  and  quantum  regimes. 

Overall  under  this  program  we  published  one  Nature  article,  six  Applied  Physics  Letters, 
one  Physical  Review  B  brief  communication,  one  Journal  of  Applied  Physics  article,  and 
have  one  manuscript  submitted  to  Phys.  Rev.  Lett.  In  addition  we  have  one  manuscript 
in  preparation  for  Phys.  Rev.  Lett.,  and  two  in  preparation  for  Phys.  Rev.  B. 
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We  now  turn  to  a  summary  of  the  various  areas  we  worked  on  over  this  program.  I  will 
only  describe  the  more  interesting  areas  of  development;  I  have  attached  copies  of  all 
the  publications  and  manuscripts,  which  can  be  referred  to  for  more  information  about 
areas  not  discussed,  and  of  course  for  more  detail  on  the  areas  that  are  described  here 


Materials  development 

We  focused  here  on  two  materials  systems,  aluminum  nitride  (AIN)  and  gallium 
arsenide  (GaAs). 

Aluminum  nitride  resonators 

AIN  is  an  interesting  material  because  it  has  a  strong  piezoelectric  coefficient  and  is 
also  quite  stiff  and  quite  light,  making  it  an  ideal  material  for  high  frequency  mechanical 
resonators.  The  strong  piezoelectric  coefficient  makes  it  potentially  useful  for  coupling  to 
electronic  devices  through  the  induced  polarization  when  a  mechanical  element  is  under 
strain. 

Experimentally,  we  investigated  the  use  of  single-crystal  AIN  as  a  resonator  material; 
this  work  was  published  as  “Single-crystal  aluminum  nitride  nanomechanical 
resonators”,  A.N.  Cleland,  M.  Pophristic  and  I.  Ferguson,  Appi.  Phys.  Lett.  79,  2070 
(2001).  The  AIN  was  grown  by  MOCVD  on  single  crystal  silicon,  a  simple  materials 
system  that  lends  itself  well  to  nanofabrication  using  fairly  standard  techniques.  AIN  can 
be  grown  c-axis  oriented  on  <111  >  oriented  Si,  without  too  many  defects  (most  of  the 

defects  are  threading  dislocations  due 
to  the  lattice  mismatch).  We  grew  0.17 
pm  thick  films  on  bulk  (350  pm  thick) 

Si  wafers.  These  were  then  patterned 
using  a  single  layer  of  electron  beam 
lithography:  A  pattern  of  wire  bond 
pads  and  single  wire  (Au)  electrodes 
were  patterned  in  PMMA,  and  a  metal 
trilayer  of  Ti  adhesion  (3  nm  thick),  a 
35  nm  Au  film,  and  a  60  nm  Ni  film; 
the  Ni  served  as  an  etch  mask  for  the 
anisotropic  reactive  ion  etch  of  the 
AIN.  Beam  lengths  ranged  from  3.6  to 
5.9  pm,  with  0.2  pm  widths.  The  ends 
of  the  beams  were  defined  by  a  step 
increase  in  the  width  to  2.4  pm.  The 
electrode  pattern  was  transferred  to 
the  AIN  film  using  anisotropic  CI2 
based  reactive  ion  etching  (RIE).  The 
AIN  etch  rate  was  approximately  150  nm/min,  with  very  vertical  sidewalls.  The  etch  rate 
for  the  Si  substrate  and  the  Ni  mask  was  negligible  in  these  conditions. 
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The  Ni  was  then  removed  using  a 
commercial  Ni  etchant,  and  the  structures 
released  by  etching  the  Si  substrate  with  an 
isotropic  wet  etchant.  A  15  second  etch  was 
sufficient  to  mechanically  free  the 
resonators;  the  structures  were  rinsed  in 
methanol,  and  dried  in  air.  An  electron 
micrograph  of  a  set  of  completed  beams  is 
shown  in  Figure  1 . 


Electrical  contacts  to  the  completed 
resonators  were  made  with  Au  wire  bonds, 
and  the  structures  were  placed  in  a  vacuum 
can,  which  was  evacuated  and  then 
submerged  in  liquid  helium,  in  the  bore  of 
an  8  Tesla  magnet.  The  resonators  were 
oriented  with  the  plane  of  the  sample 
parallel  to  the  magnetic  field,  allowing  a 
magnetomotive  measurement  of  the  beam 
resonance  frequency  and  quality  factor.  A  typical  measurement  is  shown  in  for  a  3.3  pm 
long  beam,  displaying  a  clear  resonance  at  82  MHz  with  a  quality  factor  Q  =  2.1  x  10"^. 
Varying  the  magnetic  field  for  a  fixed  rf  drive  power  shows  the  expected  quadratic 
dependence  on  magnetic  field,  shown  inset  in  the  figure. 

These  resonators  can  be  made  with  resonance  frequencies  in  the  range  from  a  few 
MHz  up  to  well  over  1  GHz.  Displacement  was  measured  using  the  magnetomotive 
technique,  as  described  above.  However,  the  strong  piezoelectric  signal  affords  the 
possibility  of  sensing  motion  using  a  polarization  sensitive  device,  such  as  a  field  effect 
transistor,  a  quantum  point  contact  or  a  SET. 

Gallium  Arsenide  resonators 

We  have  fabricated  a  number  of  quite  different  structures  from  GaAs,  ranging  from 
simple  beams,  to  beams  with  integrated  quantum  point  contacts  and  double  quantum 
dots.  The  latter  structures  included,  in  a  heterostructure,  a  two-dimensional  electron  gas 
that  was  etched  and  suspended  along  with  the  underlying  and  overlying  GaAs,  such  as 
shown  in  Figure  3.  These  structures  were  fabricated  with  a  combination  of  optical  and 
electron  beam  lithography,  metal  deposition  and  Ohmic  contact  annealing,  and 
anisotropic  etch  mask  definition  followed  by  etch. 

The  structure  was  etched  from  a  single-crystal  GaAs  heterostructure  grown  by 
molecular  beam  epitaxy,  comprising  a  bulk  <100>  GaAs  wafer,  700  nm  of  Alo.7Gao.3As 
(the  sacrificial  layer),  600  nm  of  GaAs,  40  nm  of  Alo.3Gao.7As,  a  Si  delta-doped  layer,  70 
nm  of  Alo.3Gao.7As,  and  a  10  nm  GaAs  capping  layer.  The  suspended  mechanical 
structure  includes  all  layers  above  the  sacrificial  layer  (see  below).  The  two-dimensional 
electron  gas  (2DEG)  in  which  the  QPC  or  quantum  dot  is  formed  is  at  the  lower  GaAs- 
Alo.3Gao.7As  interface,  where  similar  samples  had  a  carrier  density  of  1 .4x10^^/m^,  and  a 


'  ■  > 
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Figure  2.  Measured  resonance  of  a  3.9 
pm  long  beam,  measured  at  4.2  Kina 
transverse  magnetic  field  of  8  T.  Applied 
rf  power  was  -85  dBm.  Inset:  Measured 
resonance  for  a  constant  rf  power  of  -75 
dBm,  while  varying  the  magnetic  field 
through  integer  values  from  1  T  (smallest 
peak)  to  8  T  (largest  peak). 
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Figure  3.  Double  quantum  dots  patterned  in  a  mechanically  suspended  GaAs  beam 
resonator.  Left  shows  large-scale  view  with  bond  pads,  right  shows  close  up  of 
suspended  section. 


mobility  of  40  m  A/-s  at  4.2  K.  In  our  device,  the  2DEG  mobility  was  significantly 
degraded  by  processing. 

We  used  photolithography  to  define  a  set  of  NiAuGe  ohmic  contacts  to  the  2DEG.  Next 
electron-beam  lithography  was  used  to  define  Ti/Au  (5  nm/40  nm)  electrodes  for  the  top 
gates,  as  well  as  for  actuation  of  the  mechanical  structure.  A  second  photolithography 
step  defined  Ti/Au  (5  nm/110  nm)  wire-bond  pads  to  make  contact  with  the  metal 
electrodes  and  ohmic  contacts.  A  second  electron  beam  lithography  step  then  defined 
the  structural  masking  layer.  The  unmasked  area  of  the  heterostructure  was  etched 
using  SiCU-based  reactive  ion  etching,  etching  to  a  depth  of  about  800  nm,  almost 

through  the  sacrificial  layer.  The  sacrificial  layer 
was  then  etched  using  a  timed  submersion  in 
concentrated  hydrochloric  acid,  followed  by  a 
10%  solution  of  hydrofluoric  acid.  This  resulted 
in  a  structure  with  a  suspended  thickness  of 
0.72  pm. 


Figure  4.  SEM  micrograph  of  the 
QPC  eiectrodes  defined  on  the 
surface  of  a  suspended  beam.  The 
magnetic  fieid  is  used  for 
magnetomotive  actuation  is 
indicated,  as  is  the  direction  of 
fiexure  Az.  Inset:  Larger  scaie  image 
of  the  structure,  with  the  dotted  iine 
outiining  the  suspended  area. 


Resonator  frequencies  similar  to  those  for  the 
AIN  resonators  are  easily  achieved.  In  addition 
we  hoped  to  observe  thickness  (dilatational) 
resonances  in  the  quantum  dot  structures 
shown  in  Figure  3,  but  were  not  successful  in 
that  attempt  (see  below).  We  were  successful  in 
coupling  a  QPC  to  a  resonator’s  piezoelectric 
signal,  where  the  flexural  motion  of  the 
resonator  would  modulate  the  QPC 
conductance.  This  approach  is  nominally 
capable  of  achieving  the  quantum  limit  of 
detection.  This  work  was  published  as 
“Nanomechanical  displacement  sensing  using  a 
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quantum  point  contact”,  A.N.  Cleland,  J.S.  Aldridge,  D.C.  Driscoll  and  A.C.  Gossard, 
Appl.  Phys.  Lett.  81,  1699  (2002). 

In  Figure  4  we  show  a  successful  QPC  integrated  with  a  10  MHz  mechanical  resonator; 
the  entire  structure  in  the  dotted  outline  is  suspended.  QPC’s  can  be  formed  at  either 
end  of  the  resonator  by  applying  negative  voltages  to  the  appropriate  top-surface 
electrodes. 

One  difficulty  is  that  a  QPC  cannot  easily  be  used  to  read  out  at  high  frequencies,  due 
to  its  intrinsic  high  electrical  resistance.  We  therefore  employed  the  QPC  as  a  mixer, 
using  the  nonlinearity  of  the  intrinsically  fast  device  to  mix  the  output  signal  down  to 
acoustic  frequencies  with  a  local  oscillator  signal.  In  Figure  5  we  show  the  circuit 
schematic  used  to  accomplish  this,  along  with  a  series  of  resonance  curves  for  the 
response  of  the  QPC  when  the  beam  was  driven  using  the  magnetomotive  effect. 


We  can  estimate  the  displacement 
sensitivity  of  the  QPC  from  our 
measurements;  using  the  magnetomotive 
reflectance  measurements,  we  can 
calculate  the  midpoint  displacement  Az  of 
the  structure,  and  from  the  corresponding 
magnitude  of  the  IF  current,  we  find  the 
responsivity  of  about  28  Az  nA/pm.  Qur 
current  detection  is  limited  by  the  voltage 
noise  in  the  IF  preamplifier,  and 
corresponds  to  a  noise  of  3x10'^^  vr\/Hz''^, 
better  than  what  is  achieved  with  optical 
interferometry.  The  corresponding  force 
noise  is  about  0.3  nN/Hz^^^.  The  sensitivity 
improves  with  reduction  in  size  scale,  due 
to  the  increase  in  strain  for  a  given 
displacement.  Qur  device  geometry  allows 
for  significantly  smaller  structures,  with 
correspondingly  higher  frequencies, 
potentially  approaching  1  GHz.  The  delicate 
sensitivity  of  the  QPC  can  therefore  potentially  be  employed  as  a  quantum-limited 
displacement  sensor,  and  allow  the  entanglement  of  a  phase-coherent  electron 
transmission  sensor  with  a  mechanical  resonator. 

Strongly  coupled  electronic  devices 

We  worked  on  a  number  of  different  approaches  to  achieve  strong  coupling  between 
electrons  and  phonons  in  these  systems.  Qur  approaches  included  superconductor- 
insulator-superconductor  (SIS)  Josephson  junctions,  superconductor-insulator-normal 
metal  (SIN)  tunnel  junctions,  quantum  point  contacts,  single-  and  double-quantum  dots, 
and  single  electron  transistors  (SETs).  We  used  a  number  of  different  diagnostics  to  try 
and  observe  electron-phonon  coupling  and  thereby  quantify  the  coupling.  The  main  two 
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Figure  5.  (a)  Measurement  schematic  for 
electrostatic  drive  and  detection  using  the 
QPC.  The  LO  drive  signal  is  capacitively 
coupled  to  electrode  1,  and  is  amplitude 
modulated  at  the  IF  frequency  of  13.7  Hz. 
The  QPC  current  is  lock-in  detected  with 
the  IF  signal  as  a  reference,  (b)  IF  current 
through  the  QPC  for  a  range  of  applied  LQ 
powers.  The  remnant  magnetic  field  is 
estimated  from  magnetomotive 
measurements  to  be  less  than  0.01  T. 
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approaches  were  to  look  for  effects  in  dc  transport,  such  as  features  due  to  opening  a 
new  channel  for  energy  loss,  or  understanding  the  detailed  behavior  in  terms  of  thermal 
transport  between  the  electron  and  phonon  systems,  and  measuring  effects  at  radio 
frequencies,  using  the  electronic  device  as  a  direct  detector  of  a  signal  from  a  high  Q 
mechanical  resonator  vibrating  on  resonance. 

Quantum  point  contacts. 

We  described  the  quantum  point  contact  experiment  above,  in  the  section  on  GaAs 
materials-based  resonators.  This  work  was  published  as  “Nanomechanical 
displacement  sensing  using  a  quantum  point  contact”,  A.N.  Cleland,  J.S.  Aldridge,  D.C. 
Driscoll  and  A.C.  Gossard,  Appl.  Phys.  Lett.  81,  1699  (2002) 

Single-electron  transistor  coupled  to  resonator 

This  experiment  was  developed  in  stages.  We  first  had  to  determine  how  to  extract 

radio  frequency  signals  from  the  SET, 
with  frequencies  up  to  1  GHz.  This  was 
accomplished  by  developing  a  technique 
for  using  the  SET  as  a  mixer,  driven  by  a 
local  oscillator  provided  by  an  external 
RF  signal.  Our  first  implementation  of  this 
allowed  us  to  demonstrate  mixing  to  300 
MHz  (R.G.  Knobel,  C.S.  Yung  and  A.N. 
Cleland,  Appl.  Phys.  Lett.  81,  532 
(2002));  later  implementations  worked  to 
well  above  700  MHz. 

For  this  experiment,  we  used  a 
lithographically  patterned  SET, 
comprising  two  AI/AIOx/AI  tunnel 
junctions  and  two  interdigitated  coupling 
capacitors,  fabricated  using  electron 
beam  lithography  and  shadow 
evaporation.  The  device  was  fabricated 
on  a  GaAs  heterostructure,  to  allow  for 
in-situ  fabrication  of  nanomechanical 
structures. 

The  device  was  mounted  on  a  dilution 
refrigerator  and  cooled  to  30  mK.  All 
leads  were  filtered  with  metal  powder 
filters  and  source  and  drain  leads  with 
RC  filters  at  1 .5  K  and  at  room 
temperature.  The  SET  was  operated  as  a 
mixer  both  in  the  superconducting  state, 
and  in  the  normal  state,  in  a  magnetic 
field  of  1  Tesla.  The  relatively  large  value 
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Figure  6.  (a)  Schematic  diagram  for  mixing. 
The  gate  charge  is  set  for  maximum  current 
(dashed  vertical  line),  and  a  signal  and  (for 
heterodyne  mixing)  local  oscillator  voltage 
are  coupled  to  the  gate,  (b)  Mixing  circuit 
schematic  for  both  homodyne  and 
heterodyne  mixing.  The  SET  is  in  the 
dashed  box  in  the  center,  (c)  Homodyne 
detector  signal  at  dc,  measured  as  a 
function  of  signal  voltage.  The  signal  at  20 
MHz  was  applied  to  gate  2,  while  the  SET 
was  in  the  superconducting  state.  Points  are 
experimental  data,  the  dashed  line  is  the 
expected  Bessel  function  response,  (d) 
Heterodyne  mixing  spectral  density  about 
152.15  Hz,  with  the  SET  in  the  normal  state. 
Vertical  axis  is  in  units  of  input  signal 
charge  spectral  density. 
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of  the  SET  resistance  limited  the  noise  performance  and  output  bandwidth. 

The  homodyne  response  is  shown  in  Figure  6(c)  for  gate  2  at  20  MHz.  A  fit  to  the 
expected  dependence  is  also  shown;  the  zeroes  in  the  response  allow  us  to  calibrate 
the  signal  voltage.  The  non-zero  capacitance  between  the  gate  and  source-drain  leads 
can  rf-modulate  the  source-drain  voltage  as  well. 

For  heterodyne  mixing,  the  signal  voltage  is  applied  to  one  gate,  and  a  local  oscillator 
voltage  is  applied  to  the  other  gate.  The  source-drain  current  is  modulated  by  both 
signals,  and  a  current  generated  at  the  intermediate  (difference)  frequency.  The  IF 
signal  (magnitude  and  phase)  was  detected  using  a  lock-in  amplifier,  whose  reference 
signal  was  generated  by  a  separate  mixer,  shown  in  Figure  6(b).  High-pass  filters 
ensured  that  this  reference  signal  was  not  transmitted  to  the  SET.  The  measured 
spectral  response  is  shown  in  Figure  6(d),  showing  the  peak  at  the  IF  frequency  as  well 
as  the  sideband  noise. 


We  also  measured  the 
heterodyne  mixer 
amplitude  as  the  dc 
source-drain  voltage  and 
dc  gate  voltage  are  varied. 
The  e  periodicity  in  CgVg  is 
observed,  and  the 
dependence  on  Vsd  has 
the  expected  maximum 
near  e/2C.  The  gain  of  the 
device  is  tunable  by 
varying  the  dc  gate  bias, 
source-drain  voltage,  and 
oscillator  power.  The  IF 
response  was  calculated 
using  an  analytic  model  for 
the  SET,  and  the 
measured  response 
follows  the  predicted 

behavior,  but  is  approximately  a  factor  of  2  smaller  than  calculated.  At  present  we  do 
not  understand  this  discrepancy. 

Figure  7  shows  the  frequency  dependence  of  the  mixer  signal,  for  fixed  IF  and  constant 
LO  and  signal  power.  The  figure  shows  a  measurable  signal  up  to  300  MHz,  limited  by 
the  cutoff  frequency  for  this  device.  Figure  7(b)  shows  the  250  Hz  output  bandwidth  for 
the  SET.  This  bandwidth  can  be  increased  by  lowering  the  junction  resistance, 
operating  in  the  superconducting  state,  or  reducing  the  cable  capacitance.  Use  of  a 
closely  coupled  preamplifier  or  tuned  LC  circuit  could  further  increase  the  output 
bandwidth.  Noise  measurements  near  the  intermediate  frequency  at  optimum  gain  yield 
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Figure  7.  (a)  Mixing  signai  ampiitude  as  a  function  of  LO 
frequency  at  constant  iF  frequency;  the  signai  and  LO 
powers  were  -68  dBm  and  -61  dBm  respectiveiy.  The  iow 
frequency  roiioff  is  due  to  high-pass  fiitering,  and  the  high 
frequency  roiioff  due  to  the  device  iimitation.  The  dashed 
iine  is  a  guide  to  the  eye.  (b)  Mixing  signai  as  a  function  of 
iF  frequency  for  an  LO  frequency  of  50  MHz.  The  dashed  iine 
is  a  fit  giving  a  -3  dB  singie-side  bandwidth  of  250  Hz. 


p.  10 


Cleland 


ARO  Final  Report 


a  signal  charge  sensitivity  of  4x10'^ 
e/Hz^^^,  limited  by  noise  in  the  room- 
temperature  electronics. 


Developing  this  mixer  system  then 
allowed  us  to  employ  the  SET  as  a 
displacement  sensor  for  a 
radiofrequency  mechanical  resonator. 
It  has  been  a  long-standing  goal  to 
detect  the  effects  of  quantum 
mechanics  on  a  macroscopic 
mechanical  oscillator.  Position 
measurements  of  an  oscillator  are 
ultimately  limited  by  quantum 
mechanics,  where  "zero-point 
motion"  fluctuations  in  the  quantum 
ground  state  combine  with  the 
uncertainty  relation  to  yield  a  lower 
limit  on  the  measured  average 
displacement.  Developing  a  position 
transducer,  integrated  with  a 
mechanical  resonator,  which  can 
approach  this  limit  would  have 
important  applications  in  the  detection  of  very  weak  forces,  for  example  in  magnetic 
resonance  force  microscopy  as  well  as  in  a  variety  of  other  precision  experiments.  One 
implementation  that  might  allow  near  quantum-limited  sensitivity  is  to  use  a  single 
electron  transistor  (SET)  as  a  displacement  sensor.  In  this  technique,  the  exquisite 
charge  sensitivity  of  the  SET  at  cryogenic  temperatures  is  exploited  to  measure  motion 
by  capacitively  coupling  it  to  the  mechanical  resonator.  We  achieved  the  first 
experimental  realization  of  such  a  device,  yielding  an  unequalled  displacement 
sensitivity  of  2x10'^^  m/Hz^^^for  a  116  MHz  mechanical  oscillator  at  a  temperature  of  30 
mK,  a  sensitivity  roughly  a  factor  of  100  larger  than  the  quantum  limit  for  this  oscillator. 

Our  device  consists  of  a  3  pm  long  x  250  nm  wide  x  200  nm  thick  doubly-clamped  beam 
of  single-crystal  GaAs,  capacitively  coupled  to  an  aluminum  SET,  located  250  nm  from 
the  beam.  The  beam  was  patterned  using  electron  beam  lithography  and  etched  from  a 
GaAs  heterostructure  using  a  sequence  of  reactive  ion  etching  and  dilute  HE  wet 
etching.  The  SET  was  formed  through  double-angle  shadow  evaporation,  using  a 
pattern  defined  in  a  second  step  of  electron-beam  lithography.  The  device  was  mounted 
on  a  dilution  refrigerator  and  cooled  to  30  mK.  All  electrical  leads  were  filtered.  An  out- 
of-plane  8  T  magnetic  field  was  applied  to  drive  the  aluminum  out  of  the 
superconducting  state,  and  to  provide  a  field  for  actuation  and  sensing  of  the  beam 
motion. 

The  beam  was  driven  using  the  magnetomotive  technique,  in  which  an  alternating 
current  through  the  beam  electrode,  along  its  length  in  the  presence  of  the  magnetic 


Figure  8.  The  device  used  in  the  experiment,  (a) 
Scanning  electron  micrograph  of  the  device, 
showing  the  doubly-clamped  GaAs  beam,  and 
the  aluminum  electrodes  (colorized)  forming  the 
single  electron  transistor  and  beam  electrode. 
The  scale  bar  is  1  pm  long.  The  AI/AIOx/AI 
tunnel  junctions  have  approximately  50x50  nm^ 
overlap.  The  inset  (b)  shows  a  schematic  of  the 
operation  of  the  device. 
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field,  generates  a  Lorentz  force.  We 
measured  the  induced  electromotive 
force  (EMF)  developed  along  the  beam 
due  to  its  resulting  motion  through  the 
magnetic  field  by  measuring  the 
reflected  and  transmitted  power.  The 
beam  vibrates  in  its  fundamental  in¬ 
plane  mode  with  a  resonant  frequency 
of  116.7  MHz.  The  measured  EMF  fits 
well  to  a  Lorentzian  function  with  a 
quality  factor  of  1700.  The  beam 
displacement  is  related  to  the  EMF.  We 
thus  determine  the  displacement  as  a 
function  of  power,  yielding  the 
resonator  mass  m  =  2.84  x  10'^^  kg  and 
effective  spring  constant  k  =  1530  N/m. 
The  device  is  shown  in  Figure  8. 

Figure  9  (a)  shows  the  mixer  signal  for 
a  drive  power  of  -1 25  dBm.  Using  the 
magnetomotive  calibration,  this 
corresponds  to  an  extrapolated 
amplitude  of  2.3x1 0'^"^  m  on  resonance. 
The  charge  detected  by  the  SET  is  due 
to  the  change  in  coupling  capacitance 
times  the  beam  voltage,  as  well  as 
secondary  signals  due  to  the  induced 
EMF,  and  capacitively  coupled  charge 
due  to  cable  resonances  and  ohmic 
losses.  The  former  is  very  small 
compared  to  the  direct  signal  (less  than 
1%),  and  the  second  varies  slowly  with 
frequency.  Thus  the  total  signal 
detected  by  the  SET  has  the  form  of  a 
Lorentzian,  plus  a  background  with  an  arbitrary  phase. 

The  quality  factor  Q  and  resonant  frequency  obtained  using  the  SET  were  the  same  as 
those  from  the  magnetomotive  technique,  and  the  amplitude  varied  as  The  SET 
response  is  found  to  be  9.9  V/pm,  proportional  to  the  displacement,  when  the  SET  is 
biased  optimally,  with  a  LO  frequency  offset  from  the  beam  drive  signal  by  151  Hz.  As 
the  SET  gate  voltage  is  varied  from  the  optimum  value,  the  sensitivity  decreases  and 
interference  with  the  background  becomes  more  pronounced.  The  resonant  signal 
decreases  linearly  with  magnetic  field,  and  increases  linearly  with  beam  voltage. 

The  detector  noise  is  about  100  times  larger  than  the  thermal  noise  of  the  measured 
beam,  and  about  a  factor  of  20  larger  than  the  quantum  noise  in  a  1  GHz  resonator  with 
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Figure  9.  Single  electron  transistor 
measurement  of  the  beam  motion,  (a) 
Intermediate  frequency  voltage  (SET  mixer 
output)  as  a  function  of  beam  drive  frequency, 
for  P  =  -125  dBm  drive  power.  The  solid  line  is 
a  fit  to  a  Lorentzian  plus  linear  background 
with  arbitrary  phase.  The  beam  electrode  had 
a  dc  voltage  of  5  V,  the  LO  power  was  -70 
dBm,  and  the  IF  was  151  Hz.  The  SET  gate 
voltage  was  tuned  to  give  maximum  signal. 

(b)  IF  voltage  for  P  =  -115  dBm  drive  power,  as 
a  function  of  dc  gate  voltage  and  drive 
frequency.  The  slowly  varying  background 
interferes  with  the  resonance  signal,  whose 
phase  varies  with  the  gate  voltage. 
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Q=10'^.  By  using  improved  electronics  and  impedance  matching,  the  second-stage 
noise  could  be  reduced  by  roughly  a  factor  of  ten,  and  better  lithography  could  reduce 
the  SET-beam  separation,  increasing  the  SET  response.  A  higher  quality  factor  would 
yield  larger  signals  in  both  the  thermal  and  quantum  limits;  experimentally  the  Q  is 
observed  to  reduce  as  the  resonators  are  made  smaller,  at  least  partly  due  to  surface 
damage  and  contamination.  Flash  heating  of  resonators  in  vacuum  has  been 
demonstrated  to  yield  significantly  higher  quality  factors,  a  technique  that  could  be 
applied  here.  The  expected  increase  in  displacement  sensitivity  using  a  combination  of 
these  techniques  could,  in  a  second-generation  device,  allow  measurement  in  the 
quantum-limited  regime. 

Hence  we  have  demonstrated  an  ultrasensitive,  potentially  quantum-limited 
displacement  sensor  based  on  a  single-electron  transistor,  enabling  us  to  read  out  the 
motion  of  a  nanomechanical  resonant  beam  at  its  resonant  frequency.  The  device  has  a 
displacement  sensitivity  of  2.0x10'^^  m/Hz^^^  at  the  11 6.7  MHz  resonant  frequency  of  the 
mechanical  beam,  limited  by  the  noise  in  the  conventional  electronics. 

SIN  thermometric  tunnel  junctions 
One  important  question  relates  to  the  coupling 
strength  between  electrons  and  phonons  in  a 
mechanically  suspended  structure.  We 
therefore  pursued  a  number  of  measurements 
to  try  and  quantify  this  coupling,  using 
primarily  normal  metal-insulator- 
superconductor  (NIS)  tunnel  junctions,  with 
which  the  temperature  of  the  electrons  can  be 
determined  from  the  zero-bias  conductance. 
We  therefore  have  built  a  number  of  structures 
that  allow  us  to  heat  the  electrons  and  the 
phonons,  and  from  thermal  measurements 
extract  the  coupling. 

The  primary  experiment  was  published  as 
“Thermal  conductance  and  electron-phonon 
coupling  in  mechanically  suspended 
nanostructures”,  C.S.  Yung,  D.R.  Schmidt  and 
A.N.  Cleland,  Appl.  Phys.  Lett.  81,  31  (2002). 

A  more  recent  experiment  showed  how  to 
implement  the  thermometer  at  radio 
frequencies,  published  as  “Nanoscale  radio¬ 
frequency  thermometry”,  D.R.  Schmidt,  C.S. 
Yung  and  A.N.  Cleland,  Appl.  Phys.  Lett.  83,  1002  (2003).  We  have  since  completed  an 
experiment  where  the  electron-phonon  coupling  could  be  measured  in  a  dynamic 
fashion,  allowing  us  to  watch  in  time  domain  as  a  pulse  energy  dissipated  from  the 
electrons  into  the  phonons  with  few-nanosecond  time  scale.  This  work  is  submitted  to 


Figure  10.  Micrograph  of  suspended 
structure,  with  1  scaie  bar.  Top 
ieft:  Log  spirai  antenna  for  coupiing 
radiation  to  the  device.  Bottom: 
Schematic  of  device,  indicating  the 
GaAs  suspended  isiand,  the  six 
supporting  iegs,  the  SiN  tunnei 
junctions  and  the  ohmic  SN  contacts. 
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Phys.  Rev.  Lett,  “Direct  temporal 
measurement  of  hot-electron 
relaxation  in  a  phonon-cooled  metal 
island”,  D.R.  Schmidt  and  A.N. 
Cleland. 


We  demonstrated  the  integration  of 
SIN  tunnel  junctions  with  a  nanoscale 
suspended  single-crystal  GaAs 
structure,  allowing  us  to  measure  the 
electron-phonon  coupling  in  a  normal 
metal  film  on  the  suspended 
structure,  as  well  as  measure  the 
phonon  thermal  conductance  through 
the  supporting  legs.  Our  device  can 
be  applied  to  e.g.  infrared  bolometry. 

The  device  was  fabricated  from  a 
GaAs/AIGaAs  heterostructure 
consisting  of  a  200  nm  GaAs  top 
layer  and  a  400  nm  Alo./Gao.sAs  sacrificial  layer,  on  a  bulk  GaAs  substrate.  The  lateral 
dimensions  of  the  mechanical  structure  were  defined  using  electron-beam  lithography  to 
pattern  an  etch  mask,  used  for  a  timed  anisotropic  reactive  ion  etch  of  the  GaAs 
heterostructure.  We  used  SiCU  to  etch  to  a  depth  of  400  nm.  The  structure  is  shown  in 
Figure  10;  the  six  supporting  legs  are 
0.2x0.2x0.3  pm^,  and  the  central  GaAs 
island  is  0.2x5x6  pm^.  The  AIGaAs 
layer  was  removed  with  a  timed  wet, 
undercutting  the  island  and  six  legs. 

The  tunnel  junction  circuit  was  defined 
on  the  surface  of  the  suspended 
structure,  using  a  second  step  of 
electron-beam  lithography  to  create  a 
stencil  mask  for  angled  shadow 
evaporation.  These  included  a  pair  of 
SIN  tunnel  junctions  connected  back- 
to-back  in  a  SINIS  pair  configuration, 
and  a  separate  SINIS  pair  with  two 
ohmic  superconductor-normal  metal 
(SN)  contacts  to  the  center  normal 
metal  element.  Only  (superconducting) 

Al  was  deposited  on  the  support  legs, 
minimizing  the  thermal  conductance. 

The  tunnel  junctions  can  be  used  as 
SINIS  junction  pairs,  or,  using  the  SN 
contacts,  as  single  SNIS  junctions. 
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Figure  12.  Island  temperature  as  a  function  of 
power  dissipated  in  the  island  phonon  gas, 
measured  at  25  mK  (circles)  and  50  mK 
(triangles).  Solid  line  is  a  fit  to  the  data,  yielding 
a  phonon  mean  free  path  of  7.7  pm.  The  long 
dash  line  is  for  a  1  pm  mean  free  path  for 
comparison.  The  quantum  of  thermal 
conductance  is  indicated  by  the  short  dashed 
line. 
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Figure  11.  Electron  temperature  measured  as 
a  function  of  power  dissipated  in  the  normal 
metal,  measured  at  0.025  K,  0.24  K,  0.3  K,  0.4 
K,  and  0.5  K  (indicated  by  the  intercept).  The 
0.025  K  data  intercepts  Teiat  0.15  K;  solid 
lines  are  fits  to  the  data.  Inset  is  a  diagram  of 
the  measurement  setup. 
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We  measured  the  electron-phonon  coupling  by  passing  a  dc  current  through  the  two  SN 
contacts,  heating  the  normal  metal,  and  monitoring  the  electron  temperature  Tei  using 
one  of  the  SNIS  junctions.  The  SIN  junction,  located  5  pm  from  the  dc  injection  point,  is 
ac  biased  to  allow  a  lock-in  measurement  of  the  zero-bias  conductance,  extracting  the 
electron  temperature.  Negligible  measurement  power  was  dissipated.  Figure  12  shows 
Tel  as  a  function  of  power,  for  different  mixing  chamber  temperatures.  The  solid  lines  are 
fits  to  the  standard  bulk  hot  electron  form,  in  agreement  with  previous  measurements. 
Measurements  at  other  temperatures  yield  similar  fits  and  fit  parameters.  Calculations  of 
the  acoustic  mismatch  between  the  Cu  and  the  GaAs  phonon  gases  predict  a  reduced 
fit  value  for  the  power  law.  However,  the  applicability  of  acoustic  mismatch  theory  is 
debatable,  as  the  phonon  modes  in  the  Cu  film  are  effectively  two  dimensional  below  1 
K.  Note  that  we  identify  the  island  phonon  temperature  with  the  mixing  chamber 
temperature. 

The  thermal  conductance  of  the  support  legs  was  measured  by  dc  biasing  one  of  the 
SINIS  pairs,  and  measuring  the  corresponding  rise  in  phonon  temperature  using  an 
electrically  isolated  SNIS  junction.  The  heating  power  deposited  in  the  normal  Cu 
section  (Ci)  of  the  first  SINIS  pair  heats  the  island  phonon  gas,  and  is  then  transmitted 
through  the  legs  to  the  bulk  substrate.  The  phonon  temperature  is  inferred  from  the 

electron  temperature  of  the  normal  Cu 
section  (C2)  of  the  SNIS  thermometer, 
using  the  previously  determined 
electron-phonon  coupling.  The 
measured  thermal  conductance  is 
shown  in  ,  for  mixing  chamber 
temperatures  of  25  mK  and  50  mK.  The 
solid  line  is  a  fit  to  the  data  of  the  form 
expected  for  bulk  thermal  conductance. 
This  corresponds  to  a  mean  free  path  of 
7.7  pm,  indicating  that  the  phonons 
undergo  primarily  specular  (rather  than 
diffuse)  reflections  within  the  legs.  Also 
plotted  (short  dashes)  is  the  quantum  of 
thermal  conductance  for  six  legs.  The 
data  agrees  well  with  the  bulk  theory, 
crossing  over  to  the  quantum  limit  at 
approximately  170  mK.  Note  the  large 
phonon  mean  free  path  in  our  device 
masks  the  transition  to  the  quantum 
limit;  we  have  also  plotted  the  bulk 
thermal  conductance  for  a  1  pm  mean  free  path  (long  dashes),  which  would  make  the 
transition  to  the  quantum  limit  at  550  mK.  In  addition,  the  thermal  conductance  of  the 
legs  is  significantly  larger  than  the  electron-phonon  effective  conductance,  so  the 
assumption  that  the  phonon  temperature  is  equal  to  the  dilution  refrigerator  temperature 
in  the  electron-phonon  heating  measurements  is  a  good  one. 


Figure  13.  rf-SIN  thermometer.  Background: 
SEM  image  of  SIN  tunnel  Junction.  Left  inset: 
Electrical  circuit  used  to  readout  thermometer, 
with  a  tuned  LC  circuit  impedance  matching  the 
Junction  to  the  50  Q  readout  cabling.  Right 
inset:  Reflected  power  loss,  with  a  peak  as  a 
function  of  temperature  when  perfect 
impedance  matching  occurs. 
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We  have  also  succeeded  in  demonstrating  how  to  read  out  these  thermometers  at  high 
frequencies:  The  SIN  thermometer  is  ultimately  limited  by  its  intrinsic  RC  time  constant 
to  about  10  GHz,  and  we  have  successfully  developed  circuitry  allowing  the  readout  of 
these  intrinsically  high  resistance  devices  at  frequencies  up  to  about  300  MHz,  with  1 
GHz  a  trivial  extension  of  this  demonstration.  The  image  shown  in  Figure  13  captures 
the  essence  of  the  concept,  an  image  that  was  published  on  the  cover  of  the 
corresponding  issue  oi  APL,  “Nanoscale  radio-frequency  thermometry”,  D.R.  Schmidt, 
C.S.  Yung  and  A.N.  Cleland,  Appl.  Phys.  Lett.  83,  1002  (2003). 

The  basic  concept  is  to  embed  the  SIN  junction  in  a  tuned  LC  circuit,  the  junction 
serving  to  determine  the  reflected  power  from  the  circuit  driven  on  resonance.  The 
reflected  power  loss  is  plotted  in  the  upper  right,  showing  increasing  loss  as  the  SIN 
resistance  approaches  the  optimal  (impedance-matched)  resistance  as  a  function  of 
temperature. 

The  LC  circuit  is  designed  to  resonate 
at  between  0.1-1  GHz,  and  the 
effective  Q  (determined  be  the  ratio  of 
the  characteristic  {L/C)^'^  impedance  to 
the  cable  50  Q  impedance)  determined 
the  bandwidth  of  the  reflected  power 
measurement,  and  is  typically  of  order 
1/1 0‘^  the  resonance  frequency,  or 
between  10-100  MHz.  The  measured 
loss  allows  determination  of  the 
junction  resistance,  and  from  a 
measurement  (or  calculation  based  on 
BCS  theory)  of  the  temperature 
dependence  of  the  zero-bias 
resistance,  the  temperature  can  be 
extracted. 

We  have  since  used  this  new  technique 
to  make  the  first  measurement  of  the 
dynamic  electron-phonon  coupling  in  a 
metal  island,  extracting  temperature  as 
a  function  of  time  as  the  electrons  emit  phonons.  Data  are  shown  in  Figure  16.This 
allowed  us  to  measure  the  heat  capacity  of  the  metal  island,  with  a  result  that  agreed 
with  the  small  volume  of  metal  of  about  1  fJ/K.  Extending  the  lithographic  techniques  to 
smaller  structures  should  allow  us  to  demonstrate  a  heat  capacity  of  only  10  ks, 
equivalent  to  only  10  degrees  of  freedom  in  a  classical  system,  which  should  allow  us  to 
measure  the  heat  capacity  of  just  a  small  number  of  e.g.  spins  in  a  metal.  This  work  has 
been  submitted  for  review  (D.R.  Schmidt,  C.S.  Yung,  A.N.  Cleland,  submitted  to  Phys. 
Rev.  Lett.  (2003)). 
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Figure  14.  Dynamic  measurement  of  eiectron- 
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Theoretical  treatments 

Phonon  bandstructure  calculation 

One  interesting  area  is  whether  the  phonon  dispersion  curves  in  a  mechanically 
suspended  structure  can  be  controlled  in  order  to  enhance  or  reduce  the  transport  of 
phonons.  This  is  of  interest  if  one  wishes  to  “trap”  phonons  in  a  small  volume.  We 
therefore  completed  a  model  calculation  where  we  replaced  a  simple  insulating  beam, 
the  basis  for  calculating  the  quantum  of  thermal  conductance,  by  a  beam  made  from  an 
artificial  one-dimensional  phononic  crystal.  We  found  that  at  the  lowest  temperatures, 
and  longest  thermal  phonon  wavelengths,  the  quantum  limit  of  thermal  conductance  is 
recovered,  while  for  intermediate  temperatures,  where  the  dominant  phonon  wavelength 
is  of  the  order  of  the  phononic  crystal  repeat  distance,  a  significant  suppression  of  the 
conductance  is  predicted.  At  higher  temperatures  the  conductance  returns  to  that  of  a 
simple  beam.  This  work  was  published  as  “Thermal  conductance  of  nanostructured 
phononic  crystals”,  A.N.  Cleland,  D.R.  Schmidt  and  C.S.  Yung,  Phys.  Rev.  B  64, 

172301  (2001). 

Periodically  modulated  mechanical  structures,  which  generate  classical  band  structures, 
have  been  used  for  some  time  for  applications  in  ultrasound  and  ultrasonic  transducers; 
a  description  of  the  current  theoretical  and  experimental  work  appears  in  a  review  by 
Kushwaha.  The  dispersion  relation  for  acoustic  phonons  traveling  in  a  periodically 
modulated  material  is  found  to  develop  gaps  in  the  transmission  spectrum  at 

wavevectors  associated  with  the  modulation 
wavevector;  these  gaps  should  have  an  effect 
on  the  thermal  conductance  of  a  beam 
fabricated  from  such  a  material. 

We  have  calculated  the  dispersion  relations 
for  a  periodically  modulated,  quasi  one¬ 
dimensional  beam,  using  two  different 
acoustic  models.  We  find  that  the  resulting 
band  structure,  with  gaps  at  frequencies  that 
correspond  to  the  phonons  dominant  at  quite 
low  temperatures,  yields  significant  reductions 
in  the  thermal  conductance  from  the  quantum 
limit  Gq  at  moderate  temperatures.  However, 
the  presence  of  delocalized  Bloch  states  at 
the  lowest  phonon  frequencies,  below  the  gap, 
gives  a  thermal  conductance  that  approaches 
Gq  at  the  lowest  temperatures. 

One  model  we  used  was  for  the  longitudinal 
acoustic  mode  in  a  beam  of  variable  cross- 
section.  This  structure  is  shown  in  Figure  16. 
Another  model  we  used  involved  varying  the 
density  and  elastic  constants  of  a  material  in  a 
similar  fashion.  The  outcome  of  these  types  of 
structures,  in  terms  of  the  effect  on  phonon 
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Figure  15.  a)  Calculated  thermal 
conductance  in  units  of  the  quantum 
of  thermal  conductance,  for  one  mode 
of  a  phononic  crystal  beam,  as  a 
function  of  temperature  normalized  to 
the  bandgap  center.  The  solid  line  is 
for  a  simple  beam,  showing  the 
quantum  value  Gq  =  1,  and  the  dotted 
lines  are  for  phononic  crystal  beams 
with  bandgap  widths  of  0.2,  0.4,  0.6 
and  1.  (b)  Thermal  conductance 
including  the  higher  order  modes,  for 
the  simple  beam  (solid  line)  and  for 
the  same  series  of  modulation. 
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transport  and  phonon  conductance,  can  be 
represented  by  the  resulting  thermal 
conductance  as  a  function  of  temperature.  We 
assume  the  beam  is  adiabatically  coupled  to 
thermal  reservoirs  at  either  end,  using  smooth, 
graduated  increases  in  the  cross-sectional  area 
to  the  bulk  solid;  we  therefore  avoid  end-to-end 
phonon  resonances,  and  the  acoustic  mismatch 
from  abrupt  area  transitions.  We  calculate  the 
temperature  dependence  of  the  thermal 
conductance  for  a  single  low  frequency  Bloch 
mode,  with  transmissivity  equal  to  one  for 
frequencies  in  the  allowed  bands,  and  zero  in 
the  forbidden  gap  region.  The  result  of  the 
calculation  is  shown  in  Figure  15(a),  calculated 
for  temperatures  well  below  the  cut-off 
temperature  for  the  second  mode.  In  part  (b)  of 
that  figure  we  display  the  temperature 
dependence  including  the  higher  order  modes. 


Applications  to  quantum  computation 

Building  on  the  work  of  coupling  the  SET  to  a  high-frequency  flexural  resonator,  we 
have  also  developed  a  quantum  computation  scheme  in  which  phase  qubits  are 
coupled  to  mechanical  resonators,  the  former  used  for  actual  computation,  and  the 
latter  as  memory  and  quantum  state  transfer  elements. 
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Figure  16.  Calculated  dispersion 
relation  for  modulation  strengths  0, 
0.1,  0.25  and  0.5  in  the  longitudinal 
acoustic  model.  The  gap  for  is 
indicated,  as  is  the  bandgap  center 
frequency.  Eleven  bands  were 
included  in  the  calculation,  the 
lowest  two  are  shown  here. 


We  have  prepared  a  manuscript  that  is  being  submitted  to  Phys.  Rev.  Lett,  as 
“Quantum  information  processing  with  nanomechanical  resonators”,  A.N.  Cleland  and 
M.R.  Geller.  The  quantum-information-processing  architecture  is  based  on  the 
integration  of  ultrahigh-frequency  nanomechanical  resonators  with  Josephson-junction- 
based  qubit  circuits,  which  can  be  used  to  implement  the  single-  and  multi-qubit 
operations  critical  to  quantum  computation.  The  qubits  are  eigenstates  of  large-area, 
current-biased  Josephson  junctions,  manipulated  and  measured  using  strobed  external 

circuitry.  Two  or 
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Figure  17.  Proposed  architecture  for  achieving  two-qubit 
entanglement  with  the  use  of  a  nanomechanical  resonator.  The 
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more  of  these 
"phase  qubits"  are 
coupled  to  a  high- 
quality-factor 
piezoelectric 
mechanical 
resonator,  which 
forms  the 
backbone  of  our 
architecture, 
enabling  coherent 
manipulation  of  the 
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qubits.  The  integrated  system  is  analogous  to  one  or  more  few-level  atoms  (the 
Josephson  junction  qubits)  in  a  tunable  electromagnetic  cavity  (the  nanomechanical 
resonator). 

Our  implementation  uses  large-area  current- 
biased  Josephson  junctions,  with 
capacitance  C  and  critical  current  /o;  a  circuit 
model  is  shown  in  Figure  17.  The 
nanomechanical  resonator  is  designed  with  a 
fundamental  thickness  resonance  frequency 
between  1-10  GHz,  with  a  quality  factor  Q  of 
10^  -  10®.  Piezoelectric  dilatational 
resonators  with  thickness  resonance 
frequencies  in  this  range,  and  quality  factors 
of  order  of  10®  at  room  temperature,  have 
been  fabricated  from  sputtered  AIN.  Single¬ 
crystal  AIN  can  also  be  grown  by  chemical 
vapor  deposition.  Our  simulations  are  based 
on  such  a  resonator,  with  a  diameter  and 
thickness  of  1x0.5  pm®.  Such  resonators  can 
be  used  to  coherently  store  a  qubit  state 
prepared  in  a  current-biased  Josephson 
junction,  return  it  to  that  junction,  or  transfer  it 
to  another  junction,  as  well  as  entangle  two 
or  more  junctions.  These  operations  are  performed  by  tuning  the  energy  level  spacing 
of  the  qubit  state  into  resonance  with  the  resonator  quantum  levels,  generating 
electromechanical  Rabi  oscillations.  The  full  Hamiltonian  for  the  system  is  equivalent  to 
that  of  a  few-level  atom  in  an  electromagnetic  cavity.  The  cavity  "photons"  here  are 
phonons,  which  interact  with  the  "atoms"  (here  the  Josephson  junctions)  via  the 
piezoelectric  effect.  This  analogy  will  allow  us  to  adapt  quantum-information  processing 
protocols  developed  for  cavity-QED  to  our  solid-state  architecture. 

We  first  show  that  we  can  coherently  transfer  a  qubit  state  from  a  junction  to  a 
resonator,  simulating  this  process  by  numerically  integrating  the  exact  amplitude 
equations.  The  Josephson  junction  had  a  Josephson  coupling  energy  Ej  =  43.05  meV 
and  charging  energy  Ec  =  53.33  neV.  Our  main  result  is  shown  in  Figure  18.  The  qubit 
transfer  depends  sensitively  on  the  shape  of  the  bias  current  profile  s(t)  =  /(t)//o,  which 
starts  at  s=0.50,  and  is  then  adiabatically  changed  to  the  resonant  value  s=0.928.  We 
find  that  the  time  during  which  s  changes  should  be  at  least  exponentially  localized. 
Therefore  one  must  bring  the  system  into  resonance  as  quickly  as  possible  without 
violating  adiabaticity.  The  power-law  tails  associated  with  an  arctangent  function,  for 
example,  lead  to  deviations  from  the  desired  behavior,  shown  in  Figure  18(b).  The 
result  in  Figure  18(a)  was  obtained  using  Gaussian  profiles  with  a  cross-over  time  of  1 
ns.  All  quasibound  states  were  included  in  the  calculation,  and  convergence  with  the 
resonator's  Hilbert  space  dimension  was  obtained.  The  junction  is  held  in  resonance  for 
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Figure  18.  (a)  Phase  qubit  storage. 
Solid  curve  is  |cio(t)|^,  dashed  curve  is 
analytic  RWA  calculation,  dash-dotted 
curve  is  bias  current  s(t).  (b)  Qubit 
storage  with  arctangent  bias-current 
profile.  All  other  parameters  are  the 
same  as  in  (a).  Solid  curve  is 
numerical  result. 
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half  a  Rabi  period,  during  which  energy  is  exchanged  at  the  Rabi  frequency.  The 
systems  are  then  brought  out  of  resonance. 


To  pass  a  qubit  state  a|0>+b|1>  from 
junction  1  to  junction  2,  the  state  is 
loaded  into  the  first  junction  and  the  bias 
current  changed  to  bring  the  junction 
into  resonance  with  the  resonator  for 
half  a  Rabi  period.  This  writes  the  state 
a|0>  +b|1>into  the  resonator.  After  the 
first  junction  is  taken  out  of  resonance, 
the  second  junction  is  brought  into 
resonance  for  half  a  Rabi  period, 
passing  the  state  to  the  second  junction. 
We  have  simulated  this  operation 
numerically,  assuming  two  identical 
junctions  coupled  to  the  resonator 
described  above.  The  results  are  shown 
in  Figure  19,  where  Cmi  m2n  is  the 
probability  amplitude  (in  the  interaction  representation)  to  find  the  system  in  the  state 
|m1  ml  n  >,  with  ml  and  m2  labeling  the  states  of  the  two  junctions.  We  can  prepare  an 
entangled  state  of  two  junctions  by  bringing  the  first  junction  into  resonance  with  the 
resonator  for  1/4  of  a  Rabi  period,  which,  according  to  our  RWA  analysis,  produces  the 
state  (|100>  - 1001>)/2^'^.  After  bringing  the  second  junction  into  resonance  for  a  half  of 
a  Rabi  period,  the  state  of  the  resonator  and  second  junction  are  swapped,  leaving  the 
system  in  the  state  (|100>  - 1010>)/2^^^  with  a  probability  of  0.987,  where  the  resonator 
is  in  the  ground  state  and  the  junctions  are  entangled.  Using  the  cavity-QED  analogy,  it 
will  be  possible  to  transfer  the  methodology  developed  for  the  standard  two-qubit 
operations,  in  particular  controlled-NOT  logic,  to  the  electromechanical  system,  using 
mostly  existing  technology  and  demonstrated  techniques. 
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Figure  19.  Qubit  transfer  between  two 
Junctions.  Soiid  curve  is  |cioo(t)|  dashed- 
dotted  curve  is  |Cooi(t)|^,  dashed  curve  is 
|Coio(t)|  Thin  soiid  and  dotted  curves  show 
Si(t)  and  S2(t),  the  bias  currents  through 
Junctions  1  and  2. 
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Nanometre-scale  displacement 
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It  has  been  a  long-standing  goal  to  detect  the  effects  of  quantum 
mechanics  on  a  macroscopic  mechanical  oscillator'"’.  Position 
measurements  of  an  oscillator  are  ultimately  limited  by  quantum 
mechanics,  where  ‘zero-point  motion’  fluctuations  in  the  quan¬ 
tum  ground  state  combine  with  the  uncertainty  relation  to  yield  a 
lower  limit  on  the  measured  average  displacement.  Development 
of  a  position  transducer,  integrated  with  a  mechanical  resonator, 
that  can  approach  this  limit  could  have  important  applications  in 
the  detection  of  very  weak  forces,  for  example  in  magnetic 
resonance  force  microsopy'*  and  a  variety  of  other  precision 
experiments’"^.  One  implementation  that  might  allow  near 
quantum-limited  sensitivity  is  to  use  a  single  electron  transistor 
(SET)  as  a  displacement  sensor®"":  the  exquisite  charge  sensi¬ 
tivity  of  the  SET  at  cryogenic  temperatures  is  exploited  to 
measure  motion  by  capacitively  coupling  it  to  the  mechanical 
resonator.  Here  we  present  the  experimental  realization  of  such  a 
device,  yielding  an  unequalled  displacement  sensitivity  of 
2  X  10~*’mHz~'^^  for  a  116-MHz  mechanical  oscillator  at  a 
temperature  of  30  mK — a  sensitivity  roughly  a  factor  of  100  larger 
than  the  quantum  limit  for  this  oscillator. 

A  classical  simple  harmonic  oscillator,  in  equilibrium  with  its 
environment  at  temperature  T,  will  have  an  average  total  energy  k^T. 
The  position  of  the  oscillator  fluctuates  continuously,  with  a  root 
mean  square  displacement  amplitude  hx=  {k^T / for  an 
oscillator  of  mass  m  and  resonant  frequency  /o  =  WoUt.  This 
classical  displacement  amplitude  can  be  made  arbitrarily  small  by 
reducing  the  temperature.  One  implication  of  quantum  mechanics, 
however,  is  that  the  quantized  nature  of  the  oscillator  energy  yields  an 
intrinsic  fluctuation  amplitude,  the  ‘zero-point  motion’ 
5xzp  =  (h/lmoioY^^.  This  is  achieved  for  temperatures  T well  below 
the  energy  quantum,  T  Tq  ^horo/kB-  A  second  implication 
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of  quantum  mechanics  is  that  the  instrument  used  to  measure 
the  position  of  the  oscillator  will  necessarily  perturb  it,  further  j 
limiting  the  possible  measurement  resolution,  as  quantified  by  the  |j 
Heisenberg  uncertainty  principle.  A  continuous  measurement  of 
the  average  position  of  an  oscillator,  using  a  quantum-limited  [ 
amplifier,  is  thus  limited  to  V2  times  the  zero-point  motion,  or 
S^’Cmeas  ~  .  We  note  that ‘back-action  evading’ techniques  j 

have  in  principle  unlimited  measurement  precision,  although 
these  yield  less  information  and  are  still  subject  to  zero-point 
fluctuations  if  the  measurement  is  slower  than  the  oscillator  | 
relaxation  time'’*’. 

A  1-GHz  nanomechanical  flexural  resonator  was  recently 
demonstrated'’.  This  resonator  would  have  Tq=  50  mK,  so  when 
operated  on  a  dilution  refrigerator  at  10  mK,  the  inequality  T  Tq 
could  be  reached.  A  resonator  with  similar  dimensions  would  be  a 
candidate  for  detecting  the  transition  from  classical  to  quantum 
noise,  because  the  small  mass  gives  a  relatively  large  zero-point 
displacement  noise,  Sx^p  ~2X10"'''m.  In  terms  of  the  spectral 
displacement  noise  density,  this  corresponds  to  S]J^  = 
5X  10"*®mHz"*/^  on  resonance,  fairly  small  due  to  the  relatively 
low  quality  factor  Q  ~  500.  Techniques  to  measure  the  displace¬ 
ment  of  large-scale  resonators,  such  as  optical  interferometry  or 
electrical  parametric  transducers'’'''"'’,  can  achieve  better  displace¬ 
ment  noise  limits  than  this,  but  the  larger  mass  of  the  resonator 
makes  reaching  the  quantum  limit  more  difficult.  Such  techniques 
do  not  scale  well  to  nanomechanical  resonators,  and  other  tech-  i 
niques  more  applicable  to  these  size  scales'®’'^  are  unlikely  to  j 
approach  quantum-limited  sensitivity.  The  single  electron  transis-  | 
tor  provides  a  possible  system  in  which  sufficient  sensitivity  can  be  j 
achieved.  j 

The  single-electron  transistor  (SET)  consists  of  a  conducting  I 
island  separated  from  leads  by  low-capacitance,  high-resistance 
tunnel  junctions.  The  current  through  the  SET  is  modulated  by 
the  charge  induced  on  its  gate  electrode,  with  a  period  e,  the  charge 
of  one  electron.  The  SET  is  the  most  sensitive  electrometer'®’''*,  with  j 
a  demonstrated  sensitivity  below  10  ^  eHz  The  motion  of  a  j 
nanomechanical  resonator  may  be  detected  by  capacitively  coupling 
the  gate  of  the  SET  to  a  metal  electrode  placed  on  the  resonator,  and 
biasing  the  electrode  at  a  constant  voltage  Vbcam  (see  Fig.  1).  The 
capacitance  C  between  the  SET  and  the  beam  then  has  a  coupled  ' 
charge  q  =  VheamC-  As  the  beam  vibrates  in  the  x  direction,  in  the  i 


Figure  1  The  device  used  in  the  experiment,  a,  Scanning  eiectron  micrograph  of  the 
device,  showing  the  dotibiy  clamped  GaAs  beam,  and  the  aiuminum  eiectrodes  (coioored) 
forming  the  single  electron  transistor  and  beam  electrode.  Scale  bar,  1  ^m.  The 
AI/AIOx/AI  tunnel  junctions  have  approximately  50  x  50  nm^  overlap,  b,  A  schematic  of 
the  mechanical  and  electrical  operation  of  the  device. 
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plane  of  the  device,  the  resulting  variation  in  capacitance  AC  will 
modulate  the  charge  induced  on  the  SET,  Aq  =  V^,^^^AC,  changing 
the  SET  source-drain  current.  As  the  voltage  Vbeam  is  increased,  the 
charge  modulation  Aq  and  the  sensitivity  to  the  resonator  motion 
will  increase.  However,  the  source-drain  current  is  due  to  the 
stochastic  flow  of  electrons  through  the  SET,  so  the  centre  island’s 
voltage  fluctuates  randomly.  This  causes  a  fluctuating  ‘back-action’ 
force  on  the  beam.  This  force  increases  as  Vbeam  increases,  resulting 
in  a  voltage  for  which  the  total  noise  is  minimized.  The  displace¬ 
ment  sensitivity  at  this  optimal  voltage  is  calculated'*'''’  to  be  of  order 
10  ’®mHz  approaching  the  sensitivity  needed  to  measure 
quantum  effects. 

Our  device  (Fig.  1)  consists  of  a  3p,m  long  X  250  nm  wideX 
200  nm  thick  doubly-clamped  beam  of  single-crystal  GaAs,  capaci- 
tively  coupled  to  an  aluminum  SET,  located  250  nm  from  the  beam. 
The  beam  was  patterned  using  electron  beam  lithography  and 
etched  from  a  GaAs  heterostructure  using  a  sequence  of  reactive 
ion  etching  and  dilute  HE  wet  etching^'’.  The  SET  was  formed 
through  double-angle  shadow  evaporation,  using  a  pattern  defined 
in  a  second  step  of  electron-beam  lithography^’’^^.  The  device  was 
mounted  on  a  dilution  refrigerator  and  cooled  to  30  mK.  All 
electrical  leads  were  filtered^^.  An  out-of-plane  8  T  magnetic  field 
was  applied  to  drive  the  aluminum  out  of  the  superconducting 
state,  and  to  provide  a  field  for  actuation  and  sensing  of  the  beam 
motion. 

The  beam  was  driven  using  the  magnetomotive  technique,  in 
which  an  alternating  current  I  through  the  beam  electrode,  along  its 
length  L  in  the  presence  of  the  magnetic  field  B,  generates  a  Lorentz 
force  F  =  IlB.  We  measured  the  induced  electromotive  force  (EMF) 
(f  developed  along  the  beam  owing  to  its  resulting  motion  through 
the  magnetic  field’®'^'*'^^  by  measuring  the  reflected  and  transmitted 
power.  The  beam  vibrates  in  its  fundamental  in-plane  mode  with  a 
resonant  frequency/o  =  1 16.7  MHz  (see  Fig.  2).  The  measured  EMF 
fits  well  to  a  lorentzian  function  with  a  quality  factor  Q  ~  1700.  The 
beam  displacement  Ax  is  related  to  the  EMF  S’  by^^: 


Ax  = 


S 


(1) 


where  ^  =  0.523  is  an  integration  constant.  We  thus  determine  the 
displacement  Ax  as  a  function  of  power  P,  as  shown  in  Fig.  2, 


Figure  2  Magnetomotive  measurements  of  the  beam  resonance.  Upper  inset,  Raw 
magnetomotive  transmission  data  (20  averages,  1 0  Hz  bandwidth)  as  a  function  of  drive 
frequency  ( for  a  drive  power  P  =  -85  dBm,  with  a  fit  of  a  iorentzian  iine  shape  with  a 
iinear  background.  The  fit  yieids  the  resonance  frequency  fo  =  1 1 6.7  MHz  and 
quaiity  factor  £?  =  1 700.  The  main  piot  shows  the  measured  midpoint  dispiacement  Ax 
of  the  beam  driven  at  its  frequency  resonance  f=  fo,  as  a  function  of  magnetomotive 
drive  power  P at  30  mK  and  in  an  8 T  magnetic  fieid.  The  fit  response  Ax  = 

839VP  nm/WT^  (soiid  iine),  with  the  beam's  known  physicai  geometry  (iower  inset), 
corresponds  to  an  effective  spring  constant  k=  1 ,530  N  m“’  and  resonator  mass 
/77=  2.84  x  10^'’’ kg. 


yielding  the  resonator  mass  m  =  2.84  X  10  *^kg  and  effective 
spring  constant  k  =  1,530  N  m  \ 

The  SET  was  characterized  using  low-frequency  electrical 
measurements,  giving  a  series  Junction  resistance  ! 
Jfji -H  f?j2  =  200kJ2,  a  gate  capacitance  Cg=0.59fF,  a  coupling 
capacitance  between  the  beam  electrode  and  the  SET  of 
C  =  0.13fF,  and  a  total  SET  island  capacitance  Ci;=  1.3fF.  In 
order  to  detect  motion  at  the  resonant  frequency  of  the  beam,  the 
SET  was  operated  as  a  mixer”,  with  a  local  oscillator  (LO)  voltage 
Voo  applied  to  the  gate  at  a  frequency  offset  from  the  drive 
frequency  by  an  intermediate  frequency  (IF)  of  less  than  1  kHz 
(/if  =  I  /lo  ~  /I )  ■  The  SET  was  biased  so  as  to  give  optimum  mixing 
signal,  with  ~  el and  the  dc  gate  voltage  adjusted  to  give  j' 
peak  dc  current.  The  Vlo  amplitude  was  set  to  give  maximum  signal 
gain,  with  coupled  charge  at  the  LO  frequency  q^o  ~  0.4e.  The  i 
voltage  across  the  SET  was  measured  at  the  intermediate  frequency. 

Figure  3a  shows  the  mixer  signal  for  a  drive  power 
P  =  —125  dBm.  Using  the  magnetomotive  calibration,  this  corre¬ 
sponds  to  an  extrapolated  amplitude  of  Ax  =  2.3  X  10  ^‘'m  on 
resonance.  The  charge  Aq  detected  by  the  SET  is  due  to  the  change 
in  coupling  capacitance  times  the  beam  voltage,  Aq  =  Vbeam^C>  as 
well  as  secondary  signals  due  to  the  induced  EMF,  and  capacitively 
coupled  charge  due  to  cable  resonances  and  ohmic  losses.  The 
former  is  very  small  compared  to  the  direct  signal  (less  than  1%), 
and  the  second  varies  slowly  with  frequency.  Thus  the  total  signal 
detected  by  the  SET  has  the  form  of  a  lorentzian,  plus  a  background 
with  an  arbitrary  phase,  as  shown  in  Fig.  3a. 

The  quality  factor  Q  and  resonant  frequency/o  obtained  using  the 
SET  were  the  same  as  those  from  the  magnetomotive  technique,  and  " 
the  amplitude  varied  as  The  SET  response  is  found  to  be  9.9 


Frequency  (MFIz) 


Figure  3  Single  electron  transistor  measurement  of  the  beam  motion,  a,  Intermediate 
frequency  voltage  (SET  mixer  output)  as  a  function  of  beam  drive  frequency,  for 
P=  - 1 25  dBm  drive  power.  The  solid  line  is  a  fit  to  a  lorentzian  plus  linear  background 
with  arbitrary  phase.  The  beam  eleetrode  had  a  d.c.  voltage  l/[,eam  =  5  V,  the  LO  power 
was  -70  dBm,  and  the  IF  was  1 51  Hz.  The  SET  gate  voltage  was  tuned  to  give  maximum 
signal,  b,  IF  voltage  for  P  =  - 1 1 5  dBm  drive  power,  as  a  function  of  d.c.  gate  voltage  and 
drive  frequency.  The  slowly  varying  background  interferes  with  the  resonance  signal, 
whose  phase  varies  with  the  gate  voltage. 
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Figure  4  Noise  and  quantum  limits  for  the  device,  a,  Output  voltage  noise  as  a 
function  of  mixer  infermediate  frequency  in  the  same  configuration  as  used  for  the  driven 
beam  measurements  (LO  =  -70  dBm,  fm  =  100  MHz,  =  elC^,  l/[,eam  =  5V, 
B=  8T,  T=  30  mKj.Forthe  displacement  measurements,  an  intermediate  frequency  of 
151  Hz  was  used,  corresponding  to  a  noise  level  of  abouf  20nVHz~^'^.  b,  Calculated 
displacement  noise  for  two  resonators,  the  resonator  measured  in  this  experiment  (solid 
lines)  and  for  a  hypothetical  1-GHz  resonator  (dashed  lines),  fabricated  from  GaAs  with 
dimensions  450  x  50  x  40  nm  and  0  =  1 0'*.  The  black  lines  correspond  to  the  thermal 
noise  and  the  grey  lines  include  the  back-action  noise  and  zero-point  motion  in  an  ideal 
quantum-limited  position  measurement.  The  measured  noise  of  our  device  is  indicated  by 
the  black  circle. 

AxV(ji,m  \  proportional  to  the  displacement  Ax,  when  the  SET  is 
biased  optimally,  with  a  LO  frequency  offset  from  the  beam  drive 
signal  by  151  Hz.  As  the  SET  gate  voltage  is  varied  from  the 
optimum  value,  Fig.  3b,  the  sensitivity  decreases  and  interference 
with  the  background  becomes  more  pronounced.  The  resonant 
signal  decreases  linearly  with  magnetic  field  B,  and  increases  linearly 
with  Vbeam- 

Figure  4a  shows  the  output  voltage  noise  of  the  SET  mixer.  For  the 
intermediate  frequency  used  (151  Hz),  the  noise  (—20  nVHz  is 
dominated  hy  the  second-stage  amplifier.  The  displacement  sensi¬ 
tivity  can  be  calculated  from  the  SET  response:  We  find  a  peak 
sensitivity  of  S]J^  —  2.0 X  10“'^  mHz^*^^. 

We  can  now  evaluate  the  potential  for  quantum-limited  detec¬ 
tion:  In  Fig.  4b  we  show  the  calculated  thermal  and  quantum  noise 
for  this  heam,  and  for  a  1-GHz  resonator,  which  would  he  in  its 
quantum  ground  state  at  the  base  temperature  of  our  dilution 
refrigerator.  We  see  that  the  detector  noise  is  — 100  times  larger  than 
the  thermal  noise  of  the  measured  beam,  and  about  a  factor  of  —20 
larger  than  the  quantum  noise  of  a  1-GHz  resonator  with  Q  =  lO"*. 
By  using  improved  electronics  and  impedance  matching,  the 
second-stage  noise  could  be  reduced  by  roughly  a  factor  of  ten, 
and  better  lithography  could  reduce  the  SET-beam  separation, 
increasing  the  SET  response.  A  higher-quality  factor  would  yield 
larger  signals  in  both  the  thermal  and  quantum  limits;  experimen¬ 
tally  the  Q  is  observed  to  reduce  as  the  resonators  are  made  smaller, 
at  least  partly  due  to  surface  damage  and  contamination.  Flash 


heating  of  resonators  in  vacuum  has  been  demonstrated  to  yield 
significantly  higher  quality  factors^'’’^^,  a  technique  which  could  be 
applied  here.  The  expected  increase  in  displacement  sensitivity 
using  a  combination  of  these  techniques  could,  in  a  second- 
generation  device,  allow  measurement  in  the  quantum-limited  | 
regime. 

In  conclusion,  we  have  demonstrated  an  ultrasensitive,  poten¬ 
tially  quantum-limited  displacement  sensor  based  on  a  single-  I 
electron  transistor,  enabling  us  to  read  out  the  motion  of  a 
nanomechanical  resonant  beam  at  its  resonant  frequency.  The 
device  has  a  displacement  sensitivity  of  2.0  X  10  '^mHz  at 
the  1 16.7-MHz  resonant  frequency  of  the  mechanical  beam,  limited 
by  the  noise  in  the  conventional  electronics.  □ 
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We  experimentally  demonstrate  the  high  bandwidth  readout  of  a  thermometer  based  on  a 
superconductor-insulator-normal  metal  (SIN)  tunnel  junction,  embedded  in  a  rf  resonant  circuit. 
Our  implementation  enables  basic  studies  of  the  thermodynamics  of  mesoscopic  nanostructures.  It 
can  also  be  applied  to  the  development  of  fast  calorimeters,  as  well  as  ultrasensitive  bolometers  for 
the  detection  of  far-infrared  radiation.  We  discuss  the  operational  details  of  this  device,  and  estimate 
the  ultimate  temperature  sensitivity  and  measurement  bandwidth.  ©  2003  American  Institute  of 
Physics.  [DOI:  10.1063/1.1597983] 


Thermodynamic  studies  of  mesoscopic  devices  have 
lagged  far  behind  the  corresponding  electrical  and  magnetic 
investigations.  This  dearth  can  be  attributed  to  a  lack  of  fast, 
robust  thermometers  that  can  be  easily  integrated  with 
nanoscale  structures.  Electronic  thermometers  that  function 
at  very  low  temperatures  and  have  fast  response  times  will 
enable  future  probes  of  thermal  physics  at  smaller  size  scales 
and  shorter  time  spans  than  have  previously  been  explored, 
and  are  also  a  key  technology  for  far-infrared  bolometry.  In 
this  letter,  we  describe  our  development  of  a  nanoscale  ther¬ 
mometer,  based  on  a  superconductor-insulator-normal 
metal  (SIN)  tunnel  junction,  that  should  allow  thermody¬ 
namic  measurements  in  the  1-100-MHz  frequency  range. 

The  measurement  of  temperature  in  nanoscale  systems  is 
a  difficult  problem  for  which  a  number  of  different  ap¬ 
proaches  have  been  used.  One  very  sensitive  technique  is  to 
use  a  dc  superconducting  quantum  interference  device  to 
measure  the  Johnson-Nyquist  noise  in  a  normal  metal  film. 
This  approach  has  been  used  to  measure  electron-phonon 
coupling  effects  in  normal  metal  films, as  well  as  in  the 
first  observation  of  the  quantum  of  thermal  conductance  for 
phonons^  by  Schwab  and  coworkers.^  By  contrast,  the  earlier 
measurement  of  the  quantum  of  thermal  conductance  for 
electrons^’®  used  the  thermoelectric  effect  in  a  quantum  point 
contact.  Another  semiconductor-based  method  uses  the  tem¬ 
perature  dependence  of  weak  localization  in  heavily  doped 
GaAs.^  Thermopower  in  mesoscopic  AuFe  wires  has  been 
extensively  studied  using  noise  thermometry  with  conven¬ 
tional  amplifiers.^ 

Here,  we  describe  the  use  of  submicron  SIN  tunnel  junc¬ 
tions  as  high-speed  thermometers.  Large-area  SIN  tunnel 
junctions  have  been  used  as  the  thermistor  element  in  bolo- 
metric  applications,®  and  we  have  previously  used 
mechanically-suspended  SIN  junctions  as  low-frequency 
thermometers  to  confirm  the  measurement  of  the  quantum  of 
thermal  conductance.*®  At  temperatures  sufficiently  below 
the  superconducting  transition  temperature  T^,  the  tunnel 
junction’s  small-signal  resistance  at  zero  bias,  Rq 
=  dV/dI(Q),  is  exponentially  dependent  on  the  ratio  of  tem¬ 
perature  T  to  the  superconducting  energy  gap  A,  Rq 
This  resistance  can  be  measured  using  very  small 
bias  currents,  with  negligible  self-heating.  The  resulting  high 
responsivity  of  the  SIN  junction,  and  the  fact  that  it  can  be 


well  impedance-matched  to  room-temperature  amplifiers,  al¬ 
lows  its  use  in  a  variety  of  situations.  For  example,  full 
density-of-states  measurements  have  been  made  on  mesos¬ 
copic  devices  with  SIN  junctions.** 

Previous  applications  of  submicron  SIN  tunnel-junction 
thermometers  have  been  conducted  under  dc  or  audio¬ 
frequency  heating  conditions.  However,  these  tunnel  junc¬ 
tions  should  be  able  to  operate  at  much  higher  frequencies. 
The  intrinsic  electrical  bandwidth  is  set  by  the  product  of  the 
tunnel  resistance  Rq  and  the  junction  capacitance  Cj,  /sdB 
=  I/IttRqC j  .  For  a  fixed  tunnel  barrier  thickness,  this  prod¬ 
uct  is  independent  of  the  junction  area  A .  With  typical  values 
of  RqA—IO®  n  ptm^  and  Cy/A~10^*^  F/ptm^,  this  corre¬ 
sponds  to  /3  dB~2  GHz. 

The  time  scale  for  the  thermal  relaxation  of  the  normal 
metal  electrons  depends  on  the  cooling  mechanism.  Diffu¬ 
sive  cooling  of  the  electrons  into  a  larger  normal  metal  vol¬ 
ume  occurs  at  time  scales  dictated  by  the  diffusion  constant, 
and  can  be  made  less  than  1  ns.  The  time  scale  for  cooling 
via  phonon  emission  is  set  at  low  temperatures  by  the 
electron-phonon  relaxation  time,  and  possibly  by  the  quasi¬ 
particle  relaxation  time  in  the  superconductor.  The  small- 
signal  electron-phonon  thermal  conductance  to  the  substrate 
is  Gg_p  =  5X Vr"*,  where  X  is  a  material-dependent  param¬ 
eter  and  V  the  normal  metal  volume. ^’*^  The  electronic  heat 
capacity  is  also  proportional  to  volume,  Cg=  yVT,  resulting 
in  a  volume-independent  thermal  time  constant 
Ttd=  C/Gg_p=  y/SXT®— 10  ns  K®.  *®  The  relaxation 

rate  of  a  phonon-cooled  metal  is  thus  about  1/Ttj,~  10^  Hz  at 
1  K,  and  10^  Hz  at  100  mK. 

Stray  cabling  capacitance  limits  the  measurement  band¬ 
width  of  many  mesoscopic  devices  to  the  audio  range.  A 
number  of  researchers  have  recognized  the  merits  of  using  rf 
resonant  circuits  to  eliminate  the  bandwidth-reducing  effect 
of  this  capacitance.  The  device  is  placed  in  a  resonant  circuit 
with  a  discrete  inductor  L  and  capacitance  C,  such  that  the 
device  resistance  acts  to  damp  the  circuit  resonance  (see  Fig. 
1).  Thus,  the  resistance  measurement  can  be  performed  by 
measuring  the  power  reflected  from  the  LC  circuit  near  its 
resonance  frequency  /jes=  II2tt^LC,  which  can  easily  be 
arranged  to  fall  in  the  50-2000-MHz  range.  Gbdel  et  al.^^ 
employed  this  technique  to  measure  a  quantum  point  contact. 
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FIG.  1.  Top:  Schematic  of  the  tunnel-junction  layout,  on  the  right  showing 
the  metal  electrode  geometry  with  the  tunnel  junction  in  the  dotted  circle, 
and  on  the  left  the  larger-scale  bond  pads  with  the  LC  circuit,  the  C  due  to 
the  capacitance  of  the  bond  pads.  Bottom:  Readout  circuit,  configured  for 
simultaneous  dc  and  rf  measurements.  All  electrical  leads  are  thermally 
clamped  at  each  stage  of  the  cryostat,  and  the  dc  and  rf  portions  are  con¬ 
nected  together  through  a  rf  bias  tee.  The  resonant  circuit  comprises  the 
inductor  L  and  capacitance  C,  the  latter  in  parallel  with  the  tunnel  junction 
SIN. 

Record  charge  sensitivity  was  achieved  by  Schoelkopf 
et  al}^  by  reading  out  a  single-electron  transistor  (SET)  in  a 
LC  resonant  circuit.  Fujisawa  et  al}^  used  a  qualitatively 
similar  transmission-based  measurement  to  study  the  high- 
frequency  noise  in  a  GaAs  quantum  dot.  The  maximum  read¬ 
out  bandwidth  A/  is  set  by  the  width  of  the  LC  resonance, 
which  for  a  large  resistance  device  is  set  by  the  Zo  =  50  Cl 
cable,  and  is  of  order  Af=f^^^/Q  =  ZQ/2TrL~lQ 
— 100  MHz.  While  a  frequency  of  100  MHz  is  still  below 
the  intrinsic  electrical  bandwidth  of  the  SIN  junction,  it  is 
sufficient  to  allow  the  measurement  of  the  electron-phonon 
relaxation  time  for  a  submicron  SIN  thermometer  as  well  as 
other  phonon-mediated  relaxation  processes. 

We  fabricated  the  SIN  tunnel  junctions  using  a  standard 
multiple-angle  evaporation  technique,  using  Cu  as  the  nor¬ 
mal  metal  and  A1  as  the  superconductor.*^  The  tunnel  junc¬ 
tion  had  a  90  nm  thick  A1  layer  and  a  90  nm  thick  Cu  layer, 
with  an  overlap  area  of  0. 3X1.0  and  a  normal  state 
resistance  of  2.5  kfl.  The  Cu  normal  metal  element  is  elec¬ 
trically  and  thermally  connected  to  the  Au  ground  lead. 

We  glued  the  GaAs  chip  to  a  printed  circuit  board 
mounted  in  a  small  metal  box,  and  made  electrical  connec¬ 
tions  using  Au  wire  bonds.  A  surface-mounted  coil  provided 
L  =  390  nH  of  inductance.  The  stray  resonant  capacitance  C 
=0.6  pF  resulted  in  a  LC  resonance  frequency  of  about 
=  340  MHz. 

The  box  containing  the  SIN  junction  was  mounted  in  a 
^He  cryostat  wired  with  the  measurement  circuit  shown  in 
Fig.  1.  The  current-voltage  characteristics  for  temperatures 
from  310  to  950  mK  are  shown  in  Fig.  2,  with  the  differential 
resistance  at  315  mK  shown  in  inset  (a).  The  measured  su¬ 
perconducting  voltage  gap  is  2A/e  =  386 /rV,  typical  for 
thin  film  Al.  The  differential  resistance  at  zero  bias  Rq{T)  is 
plotted  in  inset  (b). 
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FIG.  2.  Dc  current-voltage  characteristics,  measured  at  a  number  of  differ¬ 
ent  temperatures.  The  superconducting  gap  of  Al  is  easily  visible  at  the 
lowest  temperature  (solid  line:  315  mK)  which  was  thermally  smeared  as  the 
temperature  was  raised  (dash-dot,  510  mK;  dotted,  780  mK;  dashed,  950 
mK).  Inset  (a):  Bias-dependent  differential  resistance  R(I)  =  dVldI{I)  at 
315  mK.  Inset  (b):  Zero-bias  resistance  Rq  as  a  function  of  temperature. 

We  then  measured  the  reflected  rf  power  from  the  LC 
resonator  with  the  embedded  tunnel  junction.  For  swept  fre¬ 
quency  measurements,  an  rf  signal  was  generated  at  the 
source  (reflection)  port  of  a  two-port  network  analyzer,  and 
used  to  measure  the  reflection  coefficient  of  the  resonator  as 
a  function  of  both  dc  current  bias  and  temperature.  The 
source  power  at  the  top  of  the  cryostat  was  typically 

—  100  dBm  (100  fW),  with  a  one-way  cable  loss  of  about  2.5 
dB.  We  display  our  measurements  in  terms  of  the  total 
round-trip  return  loss  Rioss.  including  the  cable  loss. 

Figure  3(a)  shows  the  measured  return  loss  at  the  LC 
resonance  frequency,  as  a  function  of  dc  current  bias.  The 
return  loss  is  given  by  Rx^^^=\{Zq  +  Z)I{Zq  —  Z)\^,  where  Z 
is  the  LC  resonator  impedance,  Z^R/Q^  for  an  SIN  differ¬ 
ential  resistance  R  =  dV/dI  measured  on  resonance.  The  re¬ 
turn  loss  clearly  corresponds  to  the  dc  differential  resistance 
shown  in  Fig.  2(a).  Below  510  mK,  additional  structure  ap¬ 
pears,  as  shown  in  Fig.  3(b).  This  double-lobed  behavior  is 
easily  understood:  For  one  value  of  R,  the  LC  resonant  cir¬ 
cuit  is  most  closely  matched  to  the  cable  impedance  Zg, 
maximizing  the  return  loss  at  that  point.  This  occurs  for 
R(I)  =  22  kO  in  our  measurements.  This  is  also  exhibited  in 
the  temperature  dependence  of  the  return  loss,  shown  in  Fig. 
4(a).  The  maximum  in  the  return  loss  is  observed  at 

—  510  mK,  for  which  RQ  =  dVldI(I=0)~20  kfl.  The  opti¬ 
mal  temperature  range  for  rf  thermometry  can  be  controlled 
by  the  choice  of  circuit  parameters. 

Finally,  we  measured  the  noise  properties  of  the  rf  ther¬ 
mometer,  using  a  mixer  to  detect  the  reflected  power.  The 
mixer  local  oscillator  (LO)  was  provided  by  a  separate  signal 
source  phase-locked  to  the  rf  drive.  The  phase  of  the  LO  was 
adjusted  to  achieve  monotonic  response  as  a  function  of  bias. 
The  mixer  output  was  low-pass  filtered  (<20  MHz),  ampli¬ 
fied  and  Fourier  transformed  using  a  dynamic  signal  ana¬ 
lyzer,  allowing  measurement  of  the  noise  from  dc  to  100 
kHz. 

The  dominant  source  of  noise  was  from  the  first-stage 
amplifier,  and  as  expected  was  flat,  with  no  measurable  Ilf 
component.  For  an  input  power  of  —  1 10  dBm  (10  fW)  to  the 

LC  resonator,  we  measured  a  resistance  noise  of  40  H/Hz'*^. 
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FIG.  3.  Return  loss  as  a  function  of  drive  frequency.  The  LC  resonance  is 
strongly  modulated  by  biasing  the  SIN  junction,  shown  by  the  three  curves 
at  0.0,  6.0,  and  13.0  nA.  The  return  loss  includes  the  contribution  due 
to  the  cable.  Higher  indicates  lower  reflected  power.  Inset  (a)  Bias- 
dependent  return  loss  at  338.92  MHz  for  510,  630,  and  950  mK.  The  peak  in 
R\os%  is  suppressed  at  950  mK.  The  analogous  dc  measurement  is  shown  in 
Fig.  2(a).  Inset  (b)  At  315  mK  the  return  loss  at  338.92  MHz  is  doubly- 
peaked  as  a  function  of  current  bias. 

Using  a  temperature  responsivity  dT/dR  of  7  jjKJVi,  we  cal¬ 
culate  the  temperature  noise  to  be  —280  /xK/Hz'^^.  While 
this  is  comparable  to  the  spectral  noise  density  of  the  dc 
measurement  for  similar  input  power,  the  bandwidth  is  far 
higher. 

This  noise  figure  is  very  promising  for  our  measurement 
system,  but  leaves  significant  room  for  improvement.  The 
first-stage  amplifier  can  be  operated  at  cryogenic  tempera¬ 
tures,  improving  its  input  noise  by  a  factor  of  15.  Secondly, 
lowering  the  temperature  of  the  SIN  tunnel  junction  to  below 
300  mK  would  increase  the  sensitivity.  Lastly,  the  input  rf 
power  and  frequency  can  be  optimized  for  largest  signal. 
These  contributions  are  multiplicative,  and  each  can  realisti¬ 
cally  lower  the  noise  by  about  an  order  of  magnitude.  We 
therefore  estimate  that  a  noise  temperature  of  better  than 
1  /xK/Hz*^^  is  attainable.  The  measurement  bandwidth 
achieved  using  our  resonant  circuit  is  approximately  the 
width  of  the  resonance  shown  in  Fig.  3,  or  about  10  MHz.  If 
an  optimized  SIN-based  thermometer  were  integrated  into  a 
bolometer,  it  would  potentially  be  able  to  detect  single  few- 
THz  photons  at  count  rates  of  up  to  about  10^  Hz. 

In  conclusion,  we  have  demonstrated  a  technique  to 
measure  the  temperature  of  the  normal  metal  side  of  an  SIN 
tunnel  junction  thermometer  with  a  bandwidths  of  up  to  100 
MHz.  This  rf-SIN  opens  up  possibilities  for  studies  of  basic 
thermodynamics  in  nanostructures,  and  for  bolometric  detec¬ 
tor  technology.  Thermodynamic  measurements  can  now  be 
performed  at  sub-/xs  time  scales  with  the  rf-SIN. 
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FIG.  4.  (a)  Temperature  dependence  of  the  return  loss  at  zero  bias  and 
338.92  MHz  is  nonmonotonic  and  peaked  at  ~510  mK.  (b)  The  data  shown 
in  (a)  and  from  Fig.  2(b)  were  used  extract  the  dependence  of  return  loss  on 
the  differential  resistance  of  the  tunnel  junction.  When  the  dV/dI(0) 
~22  kfl,  the  resonator  is  closely  matched  to  the  cable  impedance  and  the 
return  loss  is  maximized.  In  (a)  and  (b),  the  solid  line  is  a  calculated  result, 
assuming  optimal  matching  to  the  cable  impedance  at  dVldI~22  kfi. 
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Nanomechanical  displacement  sensing  using  a  quantum  point  contact 
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We  describe  a  radio  frequency  mechanical  resonator  that  includes  a  quantum  point  contact,  defined 
using  electrostatic  top  gates.  We  can  mechanically  actuate  the  resonator  using  either  electrostatic  or 
magnetomotive  forces.  We  demonstrate  the  use  of  the  quantum  point  contact  as  a  displacement 
sensor,  operating  as  a  radio  frequency  mixer  at  the  mechanical  resonance  frequency  of  1.5  MHz.  We 
calculate  a  displacement  sensitivity  of  about  3  X  10^*^  m/Hz*^^.  This  device  will  potentially  permit 
quantum-limited  displacement  sensing  of  nanometer-scale  resonators,  allowing  the  quantum 
entanglement  of  the  electronic  and  mechanical  degrees  of  freedom  of  a  nanoscale  system.  ©  2002 
American  Institute  of  Physics.  [DOI;  10.1063/1.1497436] 


The  observation  of  quantized  plateaus  in  the  conduc¬ 
tance  of  high-mobility  quantum  point  contacts*’”  has  gener¬ 
ated  significant  interest  in  both  the  physics  and  application  of 
these  devices.  The  highly  sensitive  dependence  of  the 
source-drain  conductance  of  a  quantum  point  contact  (QPC) 
on  electrostatic  fields  provides  a  straightforward  means  of 
detecting  very  small  electronic  signals.  The  QPC  has  been 
used,  for  example,  to  detect  charge  motion  and  controllably 
introduce  quantum  decoherence  in  the  electron  transport 
through  an  electron  interferometer.^’"*  A  QPC  has  been 
demonstrated^  as  a  scanned  charge-imaging  sensor,  with  a 
measured  charge  noise  of  about  0.01  e/Hz*^^  at  1  kHz. 

Of  further  interest  is  the  potentially  extremely  large 
bandwidth  attainable  using  a  QPC,  due  to  the  very  small 
intrinsic  capacitance  (  —  100  aF)  and  short  electron  transit 
times  ( —  1  ps) ;  the  QPC  should  in  principle  respond  at  fre¬ 
quencies  up  to  of  order  10  THz.®  However,  the  relatively 
large  resistance  of  the  QPC,  coupled  with  unavoidable  stray 
cabling  capacitance,  typically  limits  its  practical  bandwidth 
to  the  order  of  10"*- 10^  Hz.  The  QPC  has  however  recently 
been  demonstrated^  to  work  well  as  a  radio  frequency  (rf) 
mixer,  by  employing  the  nonlinearity  in  the  QPC  current- 
voltage  characteristic  to  generate  harmonic  multiples  of  the 
applied  rf  signals.  A  local  oscillator  (LO)  at  a  frequency 
Wlo  ’  combined  with  a  signal  at  ,  will,  through  the  QPC 
nonlinearity,  generate  signals  at  the  sum  and  difference  fre¬ 
quencies  Iwlo— “^sl-  For  ^  sufficiently  small  intermediate 
frequency  (IF)  a)ip=  |  colq— the  difference  frequency 
will  lie  within  the  output  bandwidth  of  the  QPC,  and  the 
signal  can  thereby  be  detected.  Mixing  has  been 
demonstrated^  at  frequencies  up  to  2.9  GHz,  with  an  optimal 
conversion  loss  of  —  13  dB. 

In  this  work  we  demonstrate  the  use  of  a  QPC  mixer  as 
a  displacement  detector,  where  we  take  advantage  of  the  pi¬ 
ezoelectric  effect  in  GaAs  to  modulate  the  current  through  an 
integrated  QPC.  Previously,  a  micromachined  GaAs  me¬ 
chanical  resonator  that  included  an  integrated  field-effect 
transistor  (FET)  has  been  demonstrated,®’***  with  a  measured 
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displacement  sensitivity  of  10  ®  m/Hz*^^.  A  significant  limi¬ 
tation  in  this  device  was  the  low  output  bandwidth,  of  order 
10**  Hz. 

Our  device  is  shown  in  Fig.  1.  The  structure  was  etched 
from  a  single-crystal  GaAs  heterostructure  grown  by  mo¬ 
lecular  beam  epitaxy,  comprising  a  bulk  (100)  GaAs  wafer, 
700  nm  of  AloyGaojAs  (the  sacrificial  layer),  600  nm  of 
GaAs,  40  nm  of  Alo  3Gao  7As,  a  Si  delta-doped  layer,  70  nm 
of  AlojGao  vAs,  and  a  10  nm  GaAs  capping  layer.  The  sus¬ 
pended  mechanical  structure  includes  all  layers  above  the 
sacrificial  layer  (see  below).  The  two-dimensional  electron 
gas  (2DEG)  in  which  the  QPC  is  formed  is  at  the  lower 
GaAs-Alo3Gao7As  interface,  where  similar  samples**  had  a 
carrier  density  of  —  1.4X  10*^/m^,  and  a  mobility  of 
—  40  m^/V  s  at  4.2  K.  In  our  device  the  2DEG  mobility  was 
significantly  degraded  by  processing. 

We  used  photolithography  to  define  a  set  of  NiAuGe 
ohmic  contacts  to  the  2DEG.  Next  electron-beam  lithogra¬ 
phy  was  used  to  define  Ti/Au  (5  nm/40  nm)  electrodes  for 
the  top  gates,  as  well  as  for  actuation  of  the  mechanical 
structure.  A  second  photolithography  step  defined  Ti/Au  (5 
nm/110  nm)  wire-bond  pads  to  make  contact  with  the  metal 
electrodes  and  ohmic  contacts.  A  second  electron  beam  li- 


FIG.  1.  SEM  micrograph  of  the  QPC  electrodes  defined  on  the  surface  of  a 
suspended  beam.  The  magnetic  field  B  used  for  magnetomotive  actuation  is 
indicated,  as  is  the  direction  of  flexure  Sz.  The  numbers  identify  the  elec¬ 
trodes:  (1)  is  the  drive  electrode  that  also  serves  as  a  QPC  gate,  (2)  and  (5) 
define  the  source  and  drain  ohmic  contacts,  (3)  and  (4)  the  other  sides  of  the 
two  QPC  gates.  Only  one  QPC  was  used  at  a  time.  Inset:  Larger  scale  image 
of  the  structure,  with  the  dotted  line  outlining  the  suspended  area. 
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Voltage  (mV)  Gate  voltage  (V) 

FIG.  2.  (a)  Current-voltage  characteristic  for  the  QPC,  measured  for  differ- 
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ent  gate  voltages  ^^,  =  0,  —0.64,  —0.73,  —0.76,  —0.77,  —0.78,  —0.79,  and 
—  0.81  V.  (b)  Conductance  at  zero  bias  as  a  function  of  gate  voltage.  Inset: 
Schematic  of  measurement  setup. 

thography  step  then  defined  the  structural  masking  layer.  The 
unmasked  area  of  the  heterostructure  was  etched  using 
SiCl4-based  reactive  ion  etching,  etching  to  a  depth  of  about 
800  nm,  almost  through  the  sacrihcial  layer.  The  sacrihcial 
layer  was  then  etched  using  a  timed  submersion  in  concen¬ 
trated  hydrochloric  acid,  followed  by  a  10%  solution  of  hy¬ 
drofluoric  acid.  This  step  was  timed  to  suspend  the  lateral 
area  shown  by  the  dotted  outline  in  Fig.  1,  creating  a  struc¬ 
ture  with  a  suspended  length  of  roughly  45  /xm  and  a  thick¬ 
ness  of  0.72  /xm. 

The  sample  was  placed  in  a  vacuum  can  that  was  sub¬ 
merged  in  liquid  He  at  4.2  K.  A  magnetic  held  B  could  be 
applied  in  the  plane  of  the  sample  (see  Fig.  1). 

We  recorded  the  current-voltage  characteristics  of  the 
QPC  as  a  function  of  the  voltage  applied  to  the  top  gate 
electrodes,  numbered  1  and  4  in  Fig.  1,  as  shown  in  Fig.  2(a). 
In  Fig.  2(b)  we  show  the  zero-bias  conductance  as  a  function 
of  gate  voltage.  Quantized  steps  are  not  visible  in  this  mea¬ 
surement  at  4.2  K.  We  then  characterized  the  response  of  the 
QPC  as  a  rf  mixer,  by  applying  a  combination  of  a  local 
oscillator  and  a  signal  to  the  gate  electrode  1,  and  measuring 
the  current  through  contacts  2  and  5  at  the  intermediate  fre¬ 
quency  (xijp.  We  found  that  the  mixer  operates  well  up  to  a 
LO  frequency  of  about  20  MHz,  and  for  intermediate  fre¬ 
quencies  up  to  about  2  kHz;  these  frequencies  are  limited  by 
the  particular  measurement  conhguration  rather  than  by  the 
QPC  itself.  For  a  typical  conhguration  with  a  gate  voltage 
of  —0.8  V,  dc  bias  voltage  across  the  QPC  of  60  mV,  and  a 
LO  power  of  — 11  dBm,  the  IF  current  ijp  through  the  QPC 
was  linear  in  the  signal  voltage  Vg,  with  i'lp^^O.Ou^  /xA/V. 

We  characterized  the  mechanical  properties  of  the  sus¬ 
pended  structure  by  applying  an  in-plane  magnetic  held  B, 
and  measuring  the  resulting  electrical  impedance  of  the  drive 
electrode  1.  This  impedance  acquires  additional  real  and 
imaginary  frequency-dependent  terms  due  to  the  combina¬ 
tion  of  Lorentz-force  actuation  and  the  resulting  electromo¬ 
tive  voltage  developed  as  the  structure  moves  in  the  mag¬ 
netic  held.'^’*^  The  fundamental  resonance  frequency  is 
WqI2tt=  1.503  MHz,  with  a  quality  factor  Q'^SOOO.  In  Fig. 
3(a)  we  display  the  response  for  B  =  5T.  Shifts  in  the  reso¬ 
nance  frequency  are  apparent,  due  to  the  nonlinear  response 
for  large  motional  amplitudes.*^’*® 

We  employed  the  QPC  to  detect  the  motion:  In-plane 
strain  in  GaAs,  generated  by  out-of-plane  Hexure,  will  gen¬ 
erate  out-of-plane  piezoelectric  helds.*^  These  modulate  the 
Downloaded  17  Sep  2002  to  128.111.14.151.  Redistribution  subj 


FIG.  3.  (a)  Amplitude  and  phase  of  signal  reflected  from  magnetomotive 
drive  electrode.  Measurements  made  with  applied  power  of  —  70dB  in  a 
magnetic  field  of  5  T;  (b)  intermediate  frequency  current  through  QPC  for 
same  applied  power  to  magnetomotive  drive  electrode,  in  magnetic  fields  of 
1,  2,  3,  4,  and  5  T.  IF  frequency  was  i'jp=  tujp/2';r=  13.7  Hz,  with  100% 
amplitude  modulation  of  the  LO  signal. 

QPC  conductance  in  a  manner  analogous  to  the  top  gate.  In 
Fig.  3(b)  we  display  the  measured  QPC  current  ijp  when  the 
drive  electrode  1  was  driven  with  an  amplitude-modulated 
signal,  which  served  to  both  generate  magnetomotive  actua¬ 
tion  of  the  structure,  and  as  a  local  oscillator  for  the  QPC 
mixer.  The  change  in  the  QPC  mixer  response  as  a  function 
of  (xilo  is  due  to  the  generation  of  a  frequency-dependent 
piezoelectric  voltage  at  copo  between  the  2DEG  layer  and  the 
top  gates,  and  the  amplitude  modulation  of  the  gate  drive 
then  mixes  this  voltage  to  the  intermediate  frequency  Wip, 
permitting  detection  of  the  motion.  Data  are  for  a  range  of 
magnetic  helds,  with  the  expected  B^  dependence  for  the 
peak  amplitude. 

We  could  also  actuate  and  sense  the  structure  in  the  ab¬ 
sence  of  a  magnetic  held;  in  Fig.  4  we  display  the  QPC 
current  as  the  LO  frequency  is  swept  through  the  mechanical 
resonance,  for  different  LO  powers.  Mechanical  actuation 
occurs  due  to  the  electrostatic  interaction  between  the  drive 
electrode  1  and  the  substrate,  and  the  QPC  detects  both  this 
frequency-independent  voltage,  and  the  resonant  piezoelec¬ 
tric  voltage  due  to  the  strain  in  the  structure. 

We  can  estimate  the  displacement  sensitivity  of  the  QPC 
from  our  measurements;  using  the  magnetomotive  rehec- 


FIG.  4.  (a)  Measurement  schematic  for  electrostatic  drive  and  detection 
using  the  QPC.  The  LO  drive  signal  is  capacitively  coupled  to  electrode  1, 
and  is  amplitude  modulated  at  the  IF  frequency  ft)ip/2Tr=  13.7  Hz.  The  QPC 
cuirent  is  lock-in  detected  with  the  IF  signal  as  a  reference.  Care  was  taken 
to  ensure  that  no  spurious  mixing  signals  were  detectable,  (b)  IF  current 
through  the  QPC  for  a  range  of  applied  LO  powers,  with  Plo“  —61,  “56, 
“53.5,  —51,  and  —48.5  dB.  The  remnant  magnetic  field  is  estimated  from 
magnetomotive  measurements  to  be  less  than  0.01  T. 
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tance  measurements,  we  can  calculate  the  midpoint  displace¬ 
ment  Sz  of  the  structure,  and  from  the  corresponding  mag¬ 
nitude  of  the  IF  current  ijp,  we  find  the  responsivity  /[p 
«“28  Sz  nAJ fjim.  Our  current  detection  is  limited  by  the 
voltage  noise  in  the  IF  preamplifier,  and  corresponds  to  a 
noise  of  X 10^  m/Hz'^^,  better  than  what  is 

achieved  with  optical  interferometry.*^  The  corresponding 
force  noise  is  about  nN/Hz*^^.  We  note  that  the 

thermal  force  noise  ^4kgTmcoQ/Q^l  fN/Hz*^^<^ 
well  below  our  electrical  noise  level.  As  noted  by  Beck 
et  a/.,***  the  sensitivity  improves  with  reduction  in  size  scale, 
due  to  the  increase  in  strain  for  a  given  displacement.  Our 
device  geometry  allows  for  significantly  smaller  structures, 
with  correspondingly  higher  frequencies,  potentially  ap¬ 
proaching  1  GHz.  The  delicate  sensitivity  of  the  QPC  can 
therefore  potentially  be  employed  as  a  quantum-limited  dis¬ 
placement  sensor,  and  allow  the  entanglement  of  a  phase- 
coherent  electron  transmission  sensor  with  a  mechanical 
resonator.*® 
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We  demonstrate  the  use  of  the  single-electron  transistor  as  a  radio-frequency  mixer,  based  on  the 
nonlinear  dependence  of  current  on  gate  charge.  This  mixer  can  be  used  for  high-frequency, 
ultrasensitive  charge  measurements  over  a  broad  and  tunable  range  of  frequencies.  We  demonstrate 
operation  of  the  mixer,  using  a  lithographically  defined  thin-film  aluminum  transistor,  in  both  the 
superconducting  and  normal  states  of  aluminum,  over  frequencies  from  10  to  300  MHz.  We  have 
operated  the  device  both  as  a  homodyne  detector  and  as  a  phase-sensitive  heterodyne  mixer.  We 
demonstrate  a  charge  sensitivity  of  <4  X  10^^  e! '/Hz,  limited  by  room-temperature  electronics.  An 
optimized  mixer  has  a  theoretical  charge  sensitivity  of  S  1.5X10^^  e//Hz.  ©  2002  American 
Institute  of  Physics.  [DOI:  10.1063/1.1493221] 


Coulomb  blockade  can  occur  when  current  through  a 
device  passes  through  high-resistance  contacts  to  a  small- 
capacitance  island.  The  condition  for  Coulomb  blockade  is 
that  the  resistance  of  each  contact  must  exceed  Rj^=h/e^ 
«“25.8  kfl,  and  the  electrostatic  charging  energy  of  the 
island  must  satisfy  EQ=e'^l2Cyi>kfT,  where  is  the  ca¬ 
pacitance  of  the  island.  The  charging  energy  can  be  tuned 
electrostatically  using  a  gate  capacitively  coupled  to  the  is¬ 
land;  the  current  is  periodic  in  the  gate  charge,  with  a  period 
e,  the  charge  of  one  electron.  In  this  mode  of  operation, 
these  devices  are  known  as  single-electron  transistors 
(SETs).*’^  An  important  application  of  the  SET  is  as  an  ul¬ 
trasensitive  electrometer,  with  a  theoretical  charge 
sensitivity^  of  order  lO^^e/^Hz. 

The  high  electrical  resistance  associated  with  Coulomb 
blockade,  coupled  with  the  unavoidable  stray  cable  capaci¬ 
tance,  has  traditionally  limited  measurements  with  the  SET 
to  frequencies  £10^  Hz.  This  can  be  increased  to  about  1 
MHz  by  placing  a  first-stage  amplifier  in  close  proximity  to 
the  SET.^’^  A  significant  innovation  has  recently  been 
demonstrated,®  where  the  SET  is  coupled  through  a  tuned 
LC  tank  circuit,  so  that  at  the  resonance  frequency  coq 
=  H/LC  the  output  impedance  of  the  SET  is  matched  to  a 
50  fl  cable.  This  technique,  termed  a  radio-frequency  SET 
(rf-SET),  allows  operation  at  resonance  frequencies  up  to 
~  10®—  10*®  Hz,  with  a  demonstrated  charge  sensitivity  near 
the  theoretical  limit.  However,  the  measurement  bandwidth 
about  the  resonant  frequency  is  limited  to  a  few  percent  of 
coq  ,  as  the  tank  circuit  quality  factor  must  satisfy  Q 
^/2R[^/5Q  n«=30  to  achieve  impedance  matching.  This 
limits  applications  of  this  device  to  measurements  where  the 
frequency  of  the  signal  to  be  measured  is  externally  con¬ 
trolled,  or  is  known  beforehand  to  fairly  high  precision.  In 
addition,  the  tuning  circuit  requires  a  well-characterized  elec¬ 
trical  environment,  which  is  not  always  easily  achieved  (for 
example,  with  carbon  nanotube-based  transistors). 

Here  we  demonstrate  the  use  of  the  SET  as  a  homodyne 
detector  and  as  a  heterodyne  mixer.  In  the  former,  the  non¬ 


“'Electronic  mail:  cleland@iquest.ucsb.edu 


linear  dependence  of  the  current  I  on  the  coupled  charge  is 
employed  to  mix  a  rf  signal  to  dc,  while  in  the  latter,  the 
signal  is  mixed  with  a  local  oscillator  to  generate  a  signal  at 
the  difference  frequency,  close  to  dc,  whose  amplitude  and 
phase  may  be  measured.  These  techniques  may  be  employed 
with  any  gated  Coulomb  blockade  device,  allowing  measure¬ 
ments  at  frequencies  up  to  co^^j^^Ile,  above  which  nonadia- 
batic  current  transport  and  photon-assisted  tunneling  become 
significant. 

Eor  this  experiment,  we  used  a  lithographically  patterned 
SET,  comprising  two  Al/AlO^/Al  tunnel  junctions  and  two 
interdigitated  coupling  capacitors,  fabricated  using  electron 
beam  lithography  and  shadow  evaporation*  [see  Eig.  1(a)]. 
The  device  was  fabricated  on  a  GaAs  heterostructure  to  al¬ 
low  in  situ  fabrication  of  nanomechanical  structures:®  We 
plan  to  implement  the  mixer  as  a  motion  sensor  for  a  nano¬ 
mechanical  resonator,  capacitively  coupled  to  the  SET.* 

The  device  was  mounted  on  a  dilution  refrigerator  and 
cooled  to  —  30  mK.  All  leads  were  filtered  with  metal  pow¬ 
der  filters®  and  source  and  drain  leads  with  RC  filters  at  1.5 
K  and  at  room  temperature.  The  SET  was  operated  as  a 
mixer  both  in  the  superconducting  state  and  in  the  normal 
state,  in  a  magnetic  field  of  1  T.  Eigure  1(b)  shows  the 


FIG.  1.  (a)  Electron  micrograph  of  a  typical  sample,  showing  the 
X  50  nm^  overlap  of  the  junctions  and  the  two  gate  capacitors.  The  scale  bar 
is  1  fim.  (b)  dc  normal-state  cuiTent- voltage  characteristic  of  the  SET  at  30 
mK,  where  the  modulation  due  to  gate  1  is  shown;  the  same  behavior  was 
seen  when  modulating  gate  2.  The  device  parameters  extracted  from  this 
measurement  are  Cci  — 4.2X  10“^'^  F,  Cf;2“ 2.8X  10” F,  R=Ri-\-R2 
=  850  kfl,  and  C2-=2X10”‘^  F. 
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FIG.  2.  (a)  Schematic  diagram  of  mixing.  The  gate  charge  is  set  for  maxi¬ 
mum  current  (dashed  vertical  line),  and  a  signal  and  (for  heterodyne  mixing) 
local  oscillator  voltage  are  coupled  to  the  gate,  (b)  Mixing  circuit  schematic 
of  both  homodyne  and  heterodyne  mixing.  The  SET  is  in  the  dashed  box  in 
the  center,  (c)  Homodyne  detector  signal  at  dc,  measured  as  a  function  of  the 
signal  voltage.  The  signal  at  20  MHz  was  applied  to  gate  2,  while  the  SET 
was  in  the  superconducting  state.  Points  are  experimental  data,  and  the 
dashed  line  is  the  expected  Bessel  function  response,  (d)  Heterodyne  mixing 
spectral  density  about  0),^=  152.15  Hz,  with  Cc;Vs=0  le,  C(;V^Q=0.3e, 
(i}i^qI2'!t=20  MHz,  and  ft)s=  a)Lo+ “;/ ,  with  the  SET  in  the  normal  state. 
The  vertical  axis  is  in  units  of  input  signal  charge  spectral  density 
=  CgVs- 


normal-state  current-voltage  characteristic,  as  the  dc  bias  on 
one  gate  was  varied.  The  relatively  large  value  of  the  SET 
resistance  limits  the  noise  performance  and  output  band¬ 
width,  as  discussed  below. 

For  near-optimal  shown  in  Fig.  2(a),  the 

source-drain  current  /^o  is  approximately  sinusoidal  in  the 
gate  voltage  V(j,  with  peak-to-peak  amplitude  2AIq  about 
an  average  value  Iq,  and  period  e  in  the  gate  charge  CqVc', 
at  optimal  source-drain  bias  AIq^Iq.  For  homodyne  detec¬ 
tion,  we  bias  the  gate  with  a  dc  voltage  such  that  the 
current  is  at  a  maximum,  and  apply  a  rf  voltage  V ^  cos  Wgt. 
For  frequencies  smaller  than  the  tunneling  rate,  the  dc  cur¬ 
rent  is  then  the  time  average  of  the  instantaneous  current 
(/sD[T(y+ Vy cos(wjf)])-  At  frequencies  of  order  I/e  and 
higher,  electrons  can  be  transferred  through  the  SET  nona- 
diabatically,  reducing  the  Coulomb  gap.  At  still  higher  fre¬ 
quencies,  where  the  photon  energy  is  comparable  to  the  dif¬ 
ference  in  final  energy  states  hw^AE,  photon-assisted 
tunneling  can  occur.  This  effect  is  negligible  in  our 
measurements.*^  For  heterodyne  mixing,  we  couple  a  local 
oscillator  (FO)  voltage  Vlq  cos  Wj^Qt  to  the  other  gate,  as 
shown  in  Fig.  2(b). 

The  homodyne  response  is  shown  in  Fig.  2(c)  for  gate  2 
at  20  MHz.  For  a  model  current  dependence  I. 

—  Al()Cos{2T7CQV(j/e),  we  expect 


SD~^0 


(^Sd(^s))“^0  + A/q 


2'itCcVs 


(1) 


where  Jq  is  the  zeroth-order  Bessel  function.  A  fit  to  this 
dependence  is  shown  in  Fig.  2(c);  the  zeroes  in  the  response 

allow  us  to  calibrate  the  signal  voltage  V y .  The  nonzero 
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EIG.  3.  (a)  Amplitude  of  the  mixing  signal  as  a  function  of  the  dc  gate 
charge  for  a  range  of  Ysp  (offset  for  clarity,  with  Vsd“4,  50,  100,  and  150 
/zV  bottom  to  top),  with  a)Lc/2Tr=20  MHz  and  ft),.^/2 •77=  152.15  Hz.  (b) 
Modeled  mixing  current  as  a  function  of  the  dc  gate  charge,  VlqCc 
=  0.2e,  yjCc  =  0.25c  at  30  mK  varying  as  in  (a),  (c)  Measured  if 
current  as  a  function  of  the  rf  charge  on  the  gate  for  Wgo/2tt=  20  MHz  and 
01,^/277=  152.15  Hz,  with  fixed  source-drain  bias  ys[3=90,uV.  The  three 
traces  are  for  valuing  yLoCc  ■  (d)  Modeled  (J current  for  ysD=  100  /“Y  at 
30  mK  varying  V^oCg  as  in  (c). 


capacitance  between  the  gate  and  source-drain  leads  can  rf 
modulate  Vgo  as  well,  causing  deviations  from  Eq.  (1)  at 
larger  rf  amplitudes. 

For  heterodyne  mixing,  the  signal  voltage  is  applied  to 
one  gate,  and  a  local  oscillator  voltage  VloCOS  Wpof  to  the 
other  gate.  The  source-drain  current  is  modulated  by  both 
signals,  and  a  current  is  generated  at  the  intermediate  fre¬ 
quency  (u,y=  I Wy— WloI ■  The  if  signal  (magnitude  and 
phase)  was  detected  using  a  lock-in  amplifier,  whose  refer¬ 
ence  signal  was  generated  by  a  separate  mixer,  shown  in  Fig. 
2(b).  High-pass  filters  ensured  that  this  reference  signal  was 
not  transmitted  to  the  SET.  The  measured  spectral  response 
is  shown  in  Fig.  2(d),  showing  the  peak  at  (u,y  as  well  as  the 
sideband  noise. 

Figure  3(a)  shows  the  heterodyne  mixer  amplitude  as  the 
dc  source -drain  voltage  Esq  and  dc  gate  voltage  Vq  are 
varied.  The  e  periodicity  in  CqVq  is  observed,  and  the  de¬ 
pendence  on  VsD  has  the  expected  maximum  near  el2C-^ . 
Figure  3(c)  shows  the  (/current  as  a  function  of  signal  am¬ 
plitude  Vy;  the  same  dependence  is  found  when  Vlq  is  var¬ 
ied.  The  gain  of  the  device  is  tunable  by  varying  the  dc  gate 
bias,  source-drain  voltage,  and  oscillator  power.  The  if  re¬ 
sponse  was  calculated  using  an  analytic  model  for  the  SFT,*^ 
and  is  shown  in  Figs.  3(b)  and  3(d).  The  measured  response 
follows  the  predicted  behavior,  but  is  approximately  a  factor 
of  2  smaller  than  calculated.  At  present  we  do  not  understand 
this  discrepancy. 

Figure  4(a)  shows  the  frequency  dependence  of  the 
mixer  signal,  for  fixed  and  constant  FO  and  signal 
power.  Figure  4(a)  shows  a  measurable  signal  up  to 
(ULo/27r»“300  MHz,  limited  by  the  u)^^^J2tt~3QQ  MHz  cut¬ 
off  frequency  for  this  device.  Figure  4(b)  shows  the 
~  250  Hz  output  bandwidth  for  the  SET.  This  can  be  in¬ 
creased  by  lowering  the  junction  resistance,  operating  in  the 
superconducting  state,  and  reducing  the  cable  capacitance. 
Use  of  a  closely  coupled  preamplifier  or  tuned  LC  circuit 

could  further  increase  the  output  bandwidth.  Noise  measure- 
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FIG.  4.  (a)  Mixing  signal  amplitude  as  a  function  of  01^0  at  constant  ft),y 
=  152.15  Hz;  the  signal  and  LO  powers  were  —68  and  —61  dBm,  respec¬ 
tively.  The  low-frequency  rolloff  is  due  to  high-pass  filtering,  and  the  high- 
frequency  rolloff  is  due  to  the  /gp  le  limitation.  The  dashed  line  is  a  guide  to 
the  eye.  (h)  Mixing  signal  as  a  function  of  a),y  for  (Ulq— 50  MHz.  The 
dashed  line  is  a  fit  that  gives  a  —  3  dB  single-side  bandwidth  of  250  Hz. 


ments  near  the  intermediate  frequency  at  optimum  gain 
yield  a  signal  charge  sensitivity  <5^5<4X  lO^^e/y/Hz,  lim¬ 
ited  by  noise  in  the  room-temperature  electronics  [Fig.  2(d)]. 

The  heterodyne  response  can  be  understood  by  using  the 
sinusoidal  approximation  for  the  current-charge  response. 
The  heterodyne  current  A/,y  at  is  then  related  to  the 
signal  and  LO  voltages  Vy  and  Vlq  by 


A/,y=2AVi 


2'rTCGVs 


2TrCr.V< 


G''LO 


(2) 


in  terms  of  the  first-order  Bessel  function  .  The  small  sig¬ 
nal  i/ current  gain  gj=  is  optimized  for  V^q  at  the 

first  maximum  of  7] ,  CcVLo'*‘0-293e.  For  a  current  source 
A/y=  WyCcVy^ Wyg,  the  cuiTent  at  optimal  bias  is  A/,y 
=  giIs^2:.66AloCcVs/e=l.S3(a)^^/ws)Ms.  Current  gain 
is  therefore  expected  at  frequencies  below  (u^j,x~300  MHz 
for  this  device. 

We  estimate  the  expected  charge  noise  for  the  mixer  us¬ 
ing  the  current  shot  noise  5'/((u)*“2e/sD.  The  output  noise  at 
CO,  referenced  to  the  input  charge  noise  power  Sg{(o),  is  ap¬ 
proximately 


5„(w)  = 


2eL 


SD 


2el 


SD 


(3) 


{dAlij/dq,f  (3.66A/o/e)^’ 

yielding  input  charge  noise  <5^y(/)«=0.97y/e//o.  For  our  de¬ 
vice  this  yields  ^^y(/)«*1.3X  lO^^e/y/Hz,  while  for  an  op¬ 


timized  SET  with  R  =  2Rj',  C=1  fF,  we  find  5q'y(/)=“1.5 
XlO^^e/y/Hz.  This  optimized  SET  would  have  a  current 
gain  of  gj^30  at  100  MHz  and  3  at  1  GHz.  An  important 
question  remains  regarding  the  impact  of  1//  charge  noise:  If 
this  noise  modulates  the  mixer  gain,  it  will  contribute  at  co, 
while  if  not  the  mixer  can  operate  outside  the  1//  noise- 
dominated  band  even  for  low  <u,y. 

In  conclusion,  we  have  demonstrated  the  use  of  a  litho¬ 
graphically  defined  single-electron  transistor  as  a  radio¬ 
frequency  mixer  that  allows  the  detection  of  signals  over  a 
fully  tunable  300  MHz  band.  The  use  of  this  technique  is 
complementary  with  SET  bandwidth-enhancing  techniques 
such  as  the  tf-SET  The  generic  nature  of  the  mixer  response, 
and  the  ease  with  which  the  mixer  operation  can  be  config¬ 
ured,  should  allow  its  application  in  devices  using  carbon 
nanotubes,  single  molecules,  and  quantum  dots  in  addition  to 
metal  tunnel  junction  circuits. 
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We  have  fabricated  and  characterized  the  principal  thermal  properties  of  a  mechanically  suspended 
nanostructure,  consisting  of  a  micron-scale  suspended  GaAs  island,  upon  which  we  have  defined 
superconductor-insulator-normal  metal  tunnel  junctions.  The  tunnel  junctions  allow  for  sensitive 
thermometry  and  heating  of  the  electrons  in  a  thermally  isolated  normal  metal  element,  permitting 
the  determination  of  the  low-temperature  thermal  conductance  of  the  legs  that  support  the  GaAs 
island,  as  well  as  the  low-temperature  electron-phonon  coupling.  This  device  forms  the  basis  of  a 
nanoscale  bolometric  detector,  whose  optical  performance  can  be  estimated  from  these 
measurements.  ©  2002  American  Institute  of  Physics.  [DOI;  10.1063/1.1491300] 


It  has  recently  become  possible  to  fabricate  fully  sus¬ 
pended,  three-dimensional  integrated  devices  that  can  be 
used  for  sensitive  measurements  of  energy  and  thermal  trans¬ 
port  in  nanostructures.  Recent  experiments  have  measured 
the  low  temperature  thermal  conductance  of  submicron 
single  crystal  GaAs  wires,*  in  the  range  of  1-10  K,  as  well 
as  the  quantum  of  thermal  conductance  of  a  suspended  poly¬ 
crystalline  silicon  nitride  membrane,^  in  the  range  of  0.1-10 
K.  A  challenging  problem  is  temperature  measurement  of  the 
suspended  device.  Tighe  et  al.  *  relied  on  the  temperature  de¬ 
pendence  of  the  zero-bias  resistance  of  an  -doped  GaAs 
resistor,  while  Schwab  et  al.^  used  a  dc  superconducting 
quantum  interference  device  to  monitor  the  Johnson- 
Nyquist  noise  in  a  normal  metal  film.  An  alternate  approach 
is  to  employ  a  superconductor-insulator-normal  metal  (SIN) 
tunnel  junction  as  an  electron  thermometer.  These  have  been 
used  for  measuring  the  thermal  conductivity  of  large-scale 
suspended  silicon  nitride  membranes,^  as  well  as  for  elec¬ 
tronic  refrigeration."*  ®  SIN  tunnel  junctions  have  also  been 
used  as  sensitive  probes  of  the  electron  energy  distribution  in 
mesoscopic  metallic  systems.^  Here  we  demonstrate  the  in¬ 
tegration  of  SIN  tunnel  junctions  with  a  nanoscale  suspended 
single-crystal  GaAs  structure,  allowing  us  to  measure  the 
electron-phonon  coupling  in  a  normal  metal  film  on  the  sus¬ 
pended  structure,  as  well  as  measure  the  phonon  thermal 
conductance  through  the  supporting  legs.  Our  device  can  be 
applied  to  infrared  bolometry. 

The  device  was  fabricated  from  a  GaAs/AlGaAs  hetero¬ 
structure  consisting  of  a  200  nm  GaAs  top  layer  and  a  400 
nm  Alo  yGag jAs  sacrificial  layer,  on  a  bulk  GaAs  substrate. 
The  lateral  dimensions  of  the  mechanical  structure  were  de¬ 
fined  using  electron-beam  lithography  to  pattern  an  etch 
mask,  used  for  a  timed  anisotropic  reactive  ion  etch  of  the 
GaAs  heterostructure.  We  used  SiCl4,  flowing  at  10  seem  at 
a  pressure  of  3  mTorr,  with  a  rf  power  of  100  W,  to  etch  to  a 
depth  of  400  nm.  The  structure  is  shown  in  Fig.  1;  the  six 
supporting  legs  are  0.2  X  0.2X3  /rm^  and  the  central  GaAs 
island  is  0.2X5 X6  pure?.  The  AlGaAs  layer  was  removed 
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with  a  timed  wet  etch  in  7%  hydrofluoric  acid,  undercutting 
the  island  and  six  legs.  The  tunnel  junction  circuit  was  de¬ 
fined  on  the  surface  of  the  suspended  structure,  using  a  sec¬ 
ond  step  of  electron-beam  lithography  to  create  a  stencil 
mask  for  angled  shadow  evaporation.  These  included  a  pair 
of  SIN  tunnel  junctions  connected  back-to-back  in  a  SINIS 
pair  configuration,  and  a  separate  SINIS  pair  with  two  ohmic 
superconductor-normal  metal  (SN)  contacts  to  the  center  nor¬ 
mal  metal  element.  The  tunnel  junctions  were  made  by  first 
evaporating  100  A  of  Al,  perpendicular  to  the  sample  sur¬ 
face,  and  oxidizing  in  200  mTorr  of  O2  for  3  min,  forming 
the  superconducting-insulating  connections  for  the  SIN  junc¬ 
tions;  the  oxidation  time  determines  the  normal  state  junction 
resistance  {Rif).  A  second  evaporation  of  100  A  of  Al,  at  45° 
to  the  sample  surface,  formed  the  superconducting  connec¬ 
tions  for  the  SN  contacts.  A  final  evaporation  at  —45°  of  600 
A  of  Cu  completed  the  tunnel  junctions.  Only  (superconduct¬ 
ing)  Al  was  deposited  on  the  support  legs,  minimizing  the 
thermal  conductance  (see  Fig.  1).  The  tunnel  junctions  can 


FIG.  1.  Micrograph  of  suspended  structure,  with  1  fim  scale  bar.  Top  left: 
Log  spiral  antenna  for  coupling  radiation  to  the  device.  Bottom:  Schematic 
of  device,  indicating  the  GaAs  suspended  island,  the  six  supporting  legs,  the 
SIN  tunnel  junctions  and  the  ohmic  SN  contacts. 
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FIG.  2.  Normalized  zero-bias  conductance  G  of  one  SNIS  tunnel  junction, 
as  a  function  of  .  Conductance  is  in  units  of  the  normal  state  resistance 
Ri^j,  and  7^;^  was  measured  by  a  calibrated  thermometer.  Solid  line  is  a 
BCS  fit  to  the  data. 


F(W) 


FIG.  3.  Electron  temperature  measured  as  a  function  of  power  P  dissi¬ 
pated  in  the  normal  metal,  measured  at  0.025,  0.24,  0.3,  0.4,  and  0.5 
K  (indicated  by  the  intercept).  The  0.025  K  data  intercept  T^i  at  0.15  K; 
solid  lines  are  fits  to  the  data.  Inset  is  a  diagram  of  the  measurement  setup. 


be  used  as  SINIS  junction  pairs,  or,  using  the  SN  contacts,  as 
single  SNIS  junctions. 

Electrical  contacts  to  the  device  were  made  with  Au  wire 
bonds.  The  device  was  mounted  in  a  stainless  steel  can  ther¬ 
mally  anchored  to  the  mixing  chamber  of  a  dilution  refrig¬ 
erator,  with  a  base  temperature  of  25  mK.  All  electrical  con¬ 
nections  to  the  sample  were  extensively  filtered  at  room 
temperature,  at  the  1  K  pot,  and  at  the  mixing  chamber  with 
TT  filters,  three  pole  RC  filters  and  stainless  steel  powder 
filters. 

We  calibrated  the  SINIS  junction  pairs  as  electron  ther¬ 
mometers  by  measuring  the  zero-bias  conductance  G 
=  dI/dV{V^c~^)  4s  a  function  of  the  mixing  chamber  tem¬ 
perature  ■  Figure  2  shows  the  measured  normalized  con¬ 
ductance  RnG  of  one  of  the  SNIS  pairs,  with  R^=20kfl. 
The  other  SINIS  pair  was  very  similar,  with  R^=130kfl. 
Also  shown  is  a  one-parameter  fit  to  Bardeen-Cooper- 
Schrieffer  (BCS)  theory,*  giving  a  transition  temperature  of 
r^=  1.3  K,  that  of  bulk  aluminum.  Measurements  below  0.2 
K  deviate  from  the  BCS  theory,  possibly  due  to  multiple 
Andreev  reflections  in  the  normal  section  of  the  SINIS  pair,® 
or  an  indication  of  sufficient  spurious  radiation  that  the  elec¬ 
trons  do  not  cool  to  below  150  mK,  due  to  the  small  volume 
of  Cu  (11  =  6X0.3X0.06  /rm*  of  Cu).  Bulk  electron-phonon 
coupling  theory  indicates  that  for  this  volume,  an  ambient 
power  of  10^*^  W  is  sufficient  to  heat  the  electrons  to  T^i 
=  150mK,  for  an  island  phonon  temperature  T’jj,;,; 

=  25  mK.  We  note  that  the  measurement-induced  heating 
of  the  electron  gas  is  negligible,  as  measurements  were  done 
with  an  applied  power  of  only  10^  W. 

We  measured  the  electron-phonon  coupling  by  passing  a 
dc  current  through  the  two  SN  contacts,  heating  the  normal 
metal,  and  monitoring  the  electron  temperature  T^i  using  one 
of  the  SNIS  junctions,  as  shown  in  the  inset  of  Fig.  3.  The 
SIN  junction,  located  5  /jm  from  the  dc  injection  point,  is  ac 
biased  to  allow  a  lock-in  measurement  of  the  zero-bias  con¬ 
ductance  extracting  T^i  from  the  fit  in  Fig.  2.  Negligible 
measurement  power  was  dissipated.  Figure  3  shows  T^i  as  a 
function  of  power  P,  for  different  mixing  chamber  tempera¬ 
tures  The  solid  lines  are  fits  of  the  form  P  =  'XD,{T"j 

-island),  with  «=4.84  and  X  =  2X  10®  W/m*  K4■*^  for 
7’^ix=25mK,  in  agreement  with  previous 
measurements; bulk  theory  predicts  n  =  5  and  X 

«“0.2-2X10®  W/m*K^.  Measurements  at  other  T  yield 
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similar  values  for  n  and  X.  Calculations  of  the  acoustic 
mismatch**  between  the  Cu  (Ti^tt)  and  the  GaAs  (Tjsiand) 
phonon  gases  predict  which  results  in  a  re¬ 

duced  fit  value  n.  However,  the  applicability  of  acoustic  mis¬ 
match  theory  is  debatable,  as  the  phonon  modes  in  the  Cu 
film  are  effectively  two-dimensional  below  1  K.*"*  Note  that 
we  will  identify  the  island  phonon  temperature  with 

T 

^  mix  ■ 

The  thermal  conductance  of  the  support  legs  was  mea¬ 
sured  by  dc  biasing  one  of  the  SINIS  pairs,  and  measuring 
the  corresponding  rise  in  T island  using  an  electrically  isolated 
SNIS  junction.  The  heating  power  deposited  in  the  normal 
Cu  section  (Ci)  of  the  first  SINIS  pair  (see  inset  of  Fig.  4) 
heats  the  island  phonon  gas,  and  is  then  transmitted  through 
the  legs  to  the  bulk  substrate.  The  power  dissipated  is  P 
=  I{V—2A/e),  using  the  measured  current  I  and  voltage  V 
across  the  heater  SINIS  pair,  assuming  quasiparticle  relax¬ 
ation  to  the  gap  ( A  =  180  /reV)  as  the  dominant  heating  pro¬ 
cess,  with  negligible  subsequent  recombination.  ^island  is 
inferred  from  the  electron  temperature  of  the  normal  Cu  sec¬ 
tion  (C2)  of  the  SNIS  thermometer,  using  the  previously 
determined  electron-phonon  coupling.  The  measured  thermal 
conductance  is  shown  in  Fig.  4,  for  r^ix=25  and  50  mK. 
The  solid  line  is  a  fit  to  the  data  of  the  form  P  = 


P(W) 


FIG.  4.  Island  temperature  Fisiand  a  function  of  power  P  dissipated  in  the 
island  phonon  gas,  measured  at  r^ix=25mK  (circles)  and  50  mK  (tri¬ 
angles).  Solid  line  is  a  fit  to  the  data,  yielding  a  phonon  mean  free  path  A 
=  7.7  fim.  The  long  dash  line  is  for  A  =  1  fim,  for  comparison.  The  quan¬ 
tum  of  thermal  conductance  for  six  legs  is  indicated  by  the  short  dash  line. 
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—  with  a;=3.3X  10^^°  W/K"^.  This  corresponds  to  a 
mean  free  path  A  =  7.7  /u-m,  indicating  that  the  phonons 
undergo  primarily  specular  (rather  than  diffuse)  reflections 
within  the  legs.^  Also  plotted  (short  dashes)  is  the  quantum 
of  thermal  conductance^’^^  for  six  legs,  6X4X0g 
=  %Tp'k\Tlh.  The  data  agree  well  with  the  bulk  theory, 
crossing  over  to  the  quantum  limit  at  —170  mK.  Note  the 
large  phonon  mean  free  path  in  our  device  masks  the  transi¬ 
tion  to  the  quantum  limit;  we  have  also  plotted  the  bulk 
thermal  conductance  for  A  =  1  ^tm  (long  dashes),  which 
would  make  the  transition  to  the  quantum  limit  at  550  mK. 
In  addition,  the  thermal  conductance  of  the  legs  is  signifi¬ 
cantly  larger  than  the  electron-phonon  effective  conductance, 
so  the  assumption  that  in  the  electron-phonon 

heating  measurements  is  a  good  one. 

We  can  estimate  the  performance  of  this  device  as  a 
bolometric  detector,  assuming  an  operational  temperature  of 
100  mK.  Antenna-coupled  infrared  power  heats  the  electrons 
in  C2,  through  the  two  SN  contacts,  and  the  resulting  tem¬ 
perature  rise  in  Cl  is  detected  with  a  SINIS  pair  (see  Fig.  4). 
We  take  the  electron  heat  capacitances  Ci  =  C2*“7.4 
XIO^'^J/K  at  7’=0.1K, and  for  the  island  phonons 
Cisiand'**  1-OX  10^^°  J/K.  The  thermal  conductance  between 
the  electrons  in  Ci  and  C2  and  the  island  phonons  is 
I.IX  10^*"^  W/K,  and  the  phonon  thermal  conduc¬ 
tance  of  the  support  legs  is  Giegs*“  1.5X  10^^^  W/K.  The 
dominant  thermal  noise  source  is  due  to  the  finite  value  of 
Get-ph  ■  The  estimated  noise  equivalent  power  (NEP)  at  low 
frequencies  is  NEP=  X  10^^°  W/Hz'^^ 

Current  noise  from  the  first-stage  amplifier  is  a  significant 
additional  contribution  for  this  device,  due  to  the  high  zero- 
bias  resistance  —10^  H,  limiting  the  effective  NEP  to  *“4 
XlO^*^  W/Hz'^^.  We  are  investigating  alternative  ap¬ 


proaches  to  reading  out  the  device,  using  a  single-electron 
transistor  as  a  first-stage  amplifier. 
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We  propose  a  displacement  sensing  scheme  for  rf  mechanical  resonators  made  from  GaAs,  based  on 
detecting  the  piezoelectrically  induced  charge.  By  using  a  single-electron  transistor  to  detect  the 
charge,  we  calculate  that  a  significantly  higher  displacement  sensitivity  can  be  achieved  than  by 
using  capacitive  displacement  sensing,  primarily  due  to  the  strong  piezoelectric  coupling  strength. 

We  estimate  a  displacement  sensitivity  of  order  10^*^  m/Hz'^^  for  a  1  GHz  GaAs  resonator.  Our 
model  solves  the  coupled  electromechanical  response  self-consistently,  including  the  effects  of  both 
dissipative  and  reactive  electronic  circuit  elements  on  the  resonator  behavior.  ©  2002  American 
Institute  of  Physics.  [DOI:  10.1063/1.1507616] 


There  is  significant  interest  in  developing  detection 
schemes  that  might  achieve  quantum-limited  displacement 
sensing  of  nanometer-scale  resonators. At  present,  one  of 
the  most  promising  approaches  is  to  use  a  single-electron 
transistor  (SET)  capacitively  coupled  to  a  flexural  beam 
resonator.*’^  In  this  scheme,  the  flexural  beam  is  biased  with 
a  constant  voltage,  so  that  its  motion  changes  the  charge 
coupled  to  a  nearby  SET,  hence  changing  the  current  through 
the  SET.  Increasing  the  voltage  applied  to  the  beam  leads  to 
larger  coupled  charge  signals,  but  also  increases  the  back- 
action  coupling  between  the  SET  and  the  beam.  For  a  model 
cantilever  and  SET,  applying  the  optimal  bias  voltage  yields* 
a  displacement  sensitivity  of  4X  10^*®  m/Hz*^^. 

Here,  we  demonstrate  that  if  instead  the  resonator  is  fab¬ 
ricated  from  a  piezoelectric  material,  such  as  GaAs,^ 
AlGaAs,^  or  AIN,®  and  the  SET  is  configured  to  sense  the 
piezoelectric  voltage  developed  when  the  beam  flexes,  then  a 
significantly  higher  displacement  sensitivity  can  be  achieved; 
we  calculate  a  noise  figure  of  5  X  10^*^  m/Hz*^^,  dominated 
equally  at  peak  sensitivity  by  the  current  and  back  action 
noise  of  the  SET.  This  technique  is  similar  to  that  of  Beck 
et  al.,’’  where  an  integrated  field-effect  transistor  was  used  to 
sense  strain.  Here,  the  superior  noise  performance  of  the  SET 
permits  several  orders  of  magnitude  improvement  in  the  dis¬ 
placement  sensitivity. 

In  Fig.  1(a),  we  show  the  heterostructure  design  from 
which  the  device  could  be  fabricated,  and  in  Fig.  1(b),  a 
schematic  view  of  the  doubly  clamped  resonator  that  in¬ 
cludes  the  SET.  The  heterostructure  includes  a  two- 
dimensional  electron  gas  (2DEG)  50  nm  below  its  surface, 
which  acts  as  a  ground  plane  for  the  actuation  and  detection 
signals.  The  device  is  fabricated  using  a  sequence  of 
electron-beam  lithography,  etching,  and  metal  deposition  to 
define  the  SET  and  the  mechanical  resonator.^  The  model 
resonator,  with  dimensions  LX wXf  =  0.64X0.2X0.1  /rm^, 
is  designed  to  operate  at  the  fundamental  flexural  frequency 
Wi/27r=1.027(£/p)*'2(f/L2)=1.0  GHz,  using  Young’s 
modulus  £  =  85  GPa  and  p  =  5.32  g/cm^  for  GaAs. 

Flexure  of  the  resonator  in  the  z  direction,  with  the 
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(100)  crystal  axis  aligned  along  z,  will  generate  a  piezoelec¬ 
tric  polarization  density  P  along  z,  with  the  polarization  am¬ 
plitude  proportional  to  the  distance  from  the  midpoint  (z 
=  0)  of  the  beam.*  The  polarization  induces  a  screening 
charge  on  the  detection  electrode,  which  can  be  detected  by 
the  SET.  Conversely,  when  an  electric  field  is  applied  be¬ 
tween  the  actuation  electrode  and  the  2DEG,  along  z,  the 
beam  will  respond  with  an  in-plane  strain,  which  couples  to 
the  fundamental  flexural  mode.  For  a  neutral  axis  displace¬ 
ment  U{x),  the  polarization  density  P{x,z)  a  height  z  above 
the  neutral  axis  is  P(x,z)  =  0.315di^EzU"{x).^  Here,  c/14 
=  3.03pC/N  is  the  relevant  piezoelectric  constant  for 
AlojGaovAs.®’*  For  the  fundamental  flexural  mode,  the  po¬ 
larization  density  is  largest  at  the  beam  surface  z  =  f/2,  and  is 
maximum  at  the  beam  ends  x  =  ±  L/2,  crossing  zero  at  x 
=  ±0.276L,  and  reaching  a  secondary  (negative)  maximum 
at  the  beam  center  x  =  0.  This  polarization  induces  a  charge  q 
on  the  detection  electrode,  which  extends  from  the  beam  end 
to  the  zero-crossing  point,  over  the  full  width  w  of  the  beam. 
The  induced  charge  is  the  integral  of  the  polarization  at  the 
surface,  P{x,t/2),  over  the  area  of  the  detection  electrode. 

The  circuit  connected  to  the  detection  electrode  will  af¬ 
fect  the  electromechanical  response  of  the  resonator  (a  some¬ 
what  related  effect  was  described  by  Schwab).***  The  re¬ 
sponse  can  be  determined  by  solving  the  coupled  electrical 


FIG.  1.  (a)  GaAs/AlGaAs  heterostructure  design;  layer  thicknesses  indi¬ 
cated  in  parentheses.  A  2DEG  is  formed  at  the  GaAs-(modulation-doped) 
Alo^GaojAs  interface.  Vertical  axis  is  not  to  scale,  (b)  Sketch  of  device;  the 
resonator  has  dimensions  LXwXt,  with  the  SET  situated  at  one  end  of  the 
beam,  coupled  to  a  detection  electrode,  with  an  actuation  electrode  that  is 
driven  by  a  rf  source  at  the  other  end.  Vg  is  the  voltage  applied  to  the  gate 
of  the  SET,  and  the  drain-source  bias  voltage.  The  GaAs  crystal  axes, 
and  the  geometric  axes,  are  indicated. 
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FIG.  2.  (a)  Nyquist  equivalent  circuit  connected  to  the  piezoelectric  detec¬ 
tion  electrode,  with  impedance  Z{(u)  and  voltage  source  (b)  Circuit 

model  for  detection  electrode  as  the  island  of  the  SET. 


and  mechanical  equations  of  motion  self-consistently.  In  a 
piezoelectric  material,  the  stress,  strain,  electric  field,  and 
polarization  density  provide  a  complete  description  of  the 
state  of  the  system,  and  any  pair  of  these  can  be  chosen  as 
the  independent  variables,  the  other  two  determined  through 
the  linear  piezoelastic  relations."  In  our  case,  we  consider 
only  the  fundamental  flexural  mode  for  the  resonator,  elec¬ 
trically  coupled  through  the  detection  electrode  shown  in 
Fig.  1(b),  and  we  simplify  the  full  tensor  relations  to  those 
involving  the  force  F  coupled  to  the  fundamental  mode 
shape,  the  displacement  U=U{Q)  of  the  beam  midpoint,  and 
the  charge  q  and  voltage  V  induced  on  the  detection  elec¬ 
trode.  These  are  then  related  to  one  another  through  the 
relations® 


IF\  Ik  a\ 

lu\ 

\?/  \a  Cj 

Ivj 

(1) 


Here,  k  =  M oj\  is  the  effective  spring  constant  for  a  beam 
mass  M,  C  is  the  geometric  capacitance  associated  with  the 
detection  electrode,  and  a  is  a  scaled  piezoelectric  constant 
that  relates  the  force  to  an  applied  voltage,  for  fixed  displace¬ 
ment,  and  the  induced  charge  to  a  displacement,  for  a  fixed 
voltage.  The  material  symmetries  make  the  constants  for 
these  two  relations  equal.  For  the  fundamental  mode  of  our 
model  GaAs/AlGaAs  flexural  resonator,  we  have  k 
=  2700  N/m,  C  =  0.4488  eo(H'L/f)  =  65  aF,  and  a 
=  0.77Wi4£(wf/L)=6.2Xl0^®  C/m. 

The  mechanical  resonator  response  includes  inertial  and 
dissipative  terms  in  the  displacement  U,  and  we  model  the 
electrical  circuit  as  a  Nyquist  equivalent  circuit  with  imped¬ 
ance  Z(w)  and  voltage  Vg((o),  as  shown  in  Fig.  2(a).  The 
coupled  equations  of  motion,  using  Eq.  (1),  are  then  given  by 

cocoi  icoZ 

k  —  M  +  iM  — - h  — — — \  U 


=  Fd  + 


1  +  icoCZ 

1 

aV,, 


1  +  icoCZ 
aU+CV, 
1  +  itoCZ 


. 


(2) 


(b) 


Temperature  (K) 


Cg2V'g2/e 


-2  0  2 
1 0^  Ao)/(Oi 


FIG.  3.  (a)  Displacement  noise  as  a  function  of  temperature,  at  the  beam 
resonance  frequency  for  the  model  beam.  The  dashed  line  is  the  classical 
thermal  noise,  while  the  solid  line  is  the  Callen-Welton  noise,  (b)  Displace¬ 
ment  noise  as  a  function  of  gate  voltage,  at  the  beam  resonance  frequency 
for  the  model  SET  with  at  10  and  100  mK.  (c)  Displacement 

noise  at  ^*2=0  AelCgi  as  a  function  of  frequency  detuning  from  the  beam 
resonance,  showing  the  resonance  response  effect  on  the  back-action  noise. 
In  plots  (b)  and  (c),  dashed  lines  are  back-action  noise  ,  dashed-dotted 
lines  readout  noise  and  solid  lines  total  noise  for  10  mK  while  dotted 
lines  indicate  the  total  noise  for  100  mK. 

voltage  noise  at  temperature  T,  Sy{co)  =  2kgTR/ tt,  the  ef¬ 
fective  force  noise  from  Eq.  (2)  is  that  corresponding  to  ther¬ 
momechanical  force  noise  for  a  quality  factor  Qf .  The  clas¬ 
sical  spectral  density  of  the  displacement  noise  5'J(&i)  at 
temperature  T,  including  both  the  thermomechanical  and 
electrical  noise,  is  given  by 


1 


IkoT  w 


(cO[  — w^)^-l-(wwi/g,)^  ttMQi 


(3) 


Eor  a  real  impedance  Z(co)  =  R,  at  low  frequencies 
coRC<il,  the  circuit  damps  the  resonator,  giving  a  net  qual¬ 
ity  factor  l/Qf=  llQ„j+  l/Qd  with  the  electrical  contribution 
Q^i=Ma)ila^R.  This  type  of  damping  has  been  observed 
with  an  atomic  force  microscope  cantilever  in  carbon 
nanotube-based  SETs.*^  If  the  force  Fp  is  the  thermome¬ 
chanical  noise  at  temperature  T,  with  classical  spectral  den¬ 
sity  S f{co)  =  2koTM o),/ ttQ^,  and  the  resistor  has  Nyquist 
Downloaded  17Sep  2002  to  128.111.14.151.  Redistribution  subject 


On  resonance  a)=wi,  the  displacement  noise  is  ^^(w)"^ 
=  ^2k gT Q , ! ttM (t}\.  Eor  mechanical  resonators  at  low  tem¬ 
peratures,  with  hwi^kgT,  we  should  use  the  Callen- 
Welton  quantum  formula  for  the  noise,*^  Sf((o) 
=  (wi  / ttM Q,)h w  coth{hw/2k gT) ,  replacing  the  last  ratio  in 
Eq.  (3).  The  temperature  dependence  of  this  displacement 
noise  on  resonance  for  the  model  beam  with  an  assumed 
quality  factor  Q,  of  10"^  is  plotted  in  Eig.  3(a).  The  quantum 
limited  displacement  noise  of  this  beam  is  1.1 
XIO^^’  m/(rad/s)"2. 

At  high  frequencies  wRC9>l,  the  electrical  circuit  stiff¬ 
ens  the  mechanical  response,  shifting  the  resonance  fre¬ 
quency  without  adding  dissipation.  In  this  limit,  the  voltage 
noise  is  reduced  by  the  RC  rolloff  of  the  circuit. 

Eor  capacitive  loading  of  the  resonator,  with  Z 
=  \li(x)Cg,  the  external  circuit  will  only  act  to  stiffen  the 
effective  mechanical  response,  so  that  the  resonance  fre¬ 
quency  shifts  to  (uj^=  Wj -f  a^/MCg  . 

We  now  analyze  the  displacement  sensitivity  of  the  pi¬ 
ezoelectric  resonator  coupled  to  a  SET,  whose  circuit  is 
to  AlP  license  or  copyright,  see  http://ojps.aip.org/aplo/aplcr.jsp 
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shown  in  Fig.  2(b).  In  order  to  measure  the  motion  of  the 
beam  at  the  resonant  frequency,  the  SET  can  either  be  used 
with  a  resonant  tank  circuit*"^  (termed  rf-SET),  or  can  be  used 
as  a  rf  mixer;"^  in  the  latter  implementation,  operation  at  fre¬ 
quencies  up  to  and  above  1  GHz  is  achievable.  These 
frequency-shifting  techniques  should  not  significantly 
modify  the  noise  analysis  presented  here. 

The  displacement  sensitivity  is  limited  by  two  effects: 
The  current  noise  of  the  SET  Si{(o)  adds  to  the  detected 
displacement  signal,  generating  a  spectral  noise  density 
Sx(u>)  referenced  to  the  beam  displacement,  which  we  term 
the  readout  noise.  In  addition,  the  fluctuation  in  the  number 
of  electrons  on  the  SET  center  island  causes  the  island  volt¬ 
age  to  fluctuate.  This  voltage  noise  actuates  the  beam  reso¬ 
nator,  providing  a  source  of  back-action  noise,  with  displace¬ 
ment  spectral  density  Sx(u>)  (again  referred  to  the  beam 
displacement).  Semiclassical  expressions  for  the  noise  of  a 
SET  have  been  developed  by  Korotkov;*^  here,  we  use  the 
approximate  model  developed  by  Zhang  and  Blencowe,*® 
which  applies  in  the  low-temperature  limit  k^T^^eV^j,  so 
that  only  terms  involving  n  and  n+1  electrons  on  the  SET 
island  are  kept. 

With  the  resonator  coupled  to  one  input  gate  Cgi  of  the 
SET,  the  input  impedance  is  that  of  the  other  island  capaci¬ 
tances  in  parallel,  Z(&i)  =  l/icoC^  with  total  island  capaci¬ 
tance  C-^  =  Cji  +  Cj2  +  Cgi  +  Cg2  =  C^  +  Cgi-  The  total  dis¬ 
placement  noise  spectral  density  Sxiini),  referred  to  the  beam 
displacement,  is  the  sum  of  the  contributions  from  the  read¬ 
out  and  back-action  noise, 

5;,(«)  =  5*(u;)  +  5*(«),  (4) 

where  we  ignore  correlations  between  these  two  noise 
sources.  The  readout  noise  ^^(a))  is  related  to  the  SET  cur¬ 
rent  noise  Si{co)  by  the  displacement  responsivity  of  the 
SET, 

Sl{oj)  =  Si{oy)l{dI,JdU)\  (5) 

where  dl^JdU  is  the  derivative  of  the  SET  current  with 
midpoint  displacement  U.  Erom  Eq.  (2),  we  can  relate  the 
SET-coupled  charge  q{lA)  to  the  displacement  U  for  fixed 
voltage  Vg,  dq/dU=a/(l  +  Cgi/C^),  and  using  the  form 
for  the  SET  current-charge  dependence  Idsi^)  we  can  deter¬ 
mine  the  readout  noise  Sx-  The  back-action  noise  can  be 
evaluated  from  the  relation  between  displacement  U  and 
voltage  Vg  for  fixed  drive  force  F ;  the  voltage  Vg ,  equal  to 
the  SET  center  island  voltage,  is  related  to  the  number  n  of 
electrons  on  the  center  island  by  Vg  =  {en  -\-q)IC^  ,  where  q 
is  the  charge  bias  applied  to  the  SET,  assumed  noiseless. 
Erom  the  expression*®  for  the  spectral  density  of  the  number 


noise  S„((o),  we  then  have  the  spectral  density  of  voltage 
noise  Sy(a))  =  (e/Cx)^S„(cjt)),  and  from  Eq.  (2),  we  can 
evaluate  the  corresponding  back-action  displacement  noise 
Sx,  with 


S^(w)  = 


1 


aCi  \ 


2 

Sy(oj), 


(6) 


with  the  resonance  frequency  shifted  by  the  circuit  capaci¬ 
tance. 

In  Eig.  3,  we  display  the  two  contributions  as  well  as  the 
total  noise,  calculated  for  an  optimized  SET  with  junction 
resistances  Fjj  =  Fj2=  100  kfl,  junction  capacitances  Cjj 
=  Cj2  =  0.15  fF,  and  gate  capacitances  Cgj  =  Cg2  =  65  aF,  at 
temperatures  of  10  and  100  mK. 

The  detection  of  the  piezoelectrically  induced  charge  in 
a  mechanical  resonator  with  a  SET  has  been  shown  to  be  a 
prime  candidate  for  nearly  quantum-limited  displacement 
sensing.  Piezoelectric  detection  is  additionally  attractive  be¬ 
cause  the  piezoelectric  signals  scale  favorably  to  the  small, 
stiff  resonators  needed  to  approach  the  regime  where  Awj 
^kgT.  In  both  the  capacitive  and  piezoelectric  schemes,  the 
detection  of  deviations  from  the  classical  motion  will  be  dif¬ 
ficult  for  nanomechanical  resonators  with  (Ui/27r<l  GHz. 
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Nanomechanicai  resonators  can  be  fabricated  to  achieve  high  natural  resonance  frequencies, 
approaching  1  GHz,  with  quality  factors  in  excess  of  10^.  These  resonators  are  candidates  for  use 
as  highly  selective  rf  filters  and  as  precision  on-chip  clocks.  Some  fundamental  and  some 
nonfundamental  noise  processes  will  present  limits  to  the  performance  of  such  resonators.  These 
include  thermomechanical  noise,  Nyquist-Johnson  noise,  and  adsorption-desorption  noise;  other 
important  noise  sources  include  those  due  to  thermal  fluctuations  and  defect  motion-induced  noise. 
In  this  article,  we  develop  a  self-contained  formalism  for  treating  these  noise  sources,  and  use  it  to 
estimate  the  impact  that  these  noise  processes  will  have  on  the  noise  of  a  model  nanoscale  resonator, 
consisting  of  a  doubly  clamped  beam  of  single-crystal  Si  with  a  natural  resonance  frequency  of  1 
GHz.  ©  2002  American  Institute  of  Physics.  [DOT  10.1063/1.1499745] 


I.  INTRODUCTION 

Nanomechanicai  resonators  are  rapidly  being  pushed  to 
smaller  size  scales  and  higher  operational  frequencies,  partly 
due  to  potential  applications  as  on-chip  high-Q  filters  and 
clocks.  Such  resonators  would  have  the  potential  for  replac¬ 
ing  bulk  quartz  crystals  and  surface-acoustic  wave  resonators 
in  technological  and  precision  measurement  applications, 
which  require  extensive  separate  circuitry  and  space  require¬ 
ments.  High-frequency  resonators  have  been  fabricated  from 
bulk  Si,*  silicon-on-insulator,^  silicon  carbide,^  silicon 
nitride,"*  and  from  polycrystalline  Si  (poly-Si).^’®  High  reso¬ 
nance  frequencies  can  be  achieved  using  submicron  lithog¬ 
raphy  to  define  doubly  clamped  beams  with  relatively  large 
length-to-thickness  ratios  of  Lit— 10-20.  Smaller  aspect  ra¬ 
tios,  with  Lit— 2-5,  allow  high  frequencies  to  be  achieved 
with  less  stringent  demands  on  lithographic  capability.  For 
these  smaller  aspect  ratios,  however,  thermoelastic  damping 
begins  to  become  an  important  source  of  energy  loss  and 
noise,  ultimately  limiting  the  quality  factor  and  noise 
performance."*’^ 

The  resonance  frequency  of  a  mechanical  structure  in 
general  scales  as  1/L,  where  L  is  the  scale  of  the  resonator. 
As  the  size  scales  are  reduced  and  frequencies  increased, 
however,  the  short-term  stability  of  the  resonator  will  be  lim¬ 
ited  by  certain  fundamental  noise  processes.^  These  noise 
processes  include  the  thermomechanical  noise  generated  by 
the  internal  loss  mechanisms  in  the  resonator,®  Nyquist- 
Johnson  noise  from  the  readout  circuitry,***  and  adsorption- 
desorption  noise  from  residual  gas  molecules  in  the  resonator 
packaging.**  Another  noise  source  is  due  to  temperature  fluc¬ 
tuations  caused  by  the  finite  thermal  conductance  of  the 
resonator;*^  these  fluctuations  are  fundamental  to  any  object 
with  finite  heat  capacity,  and  are  distinct  from  environmental 
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thermal  drifts  that  can  be  controlled  using  oven-heated  pack¬ 
aging,  similar  to  that  used  for  high-precision  quartz  clocks. 
Resonators  fabricated  from  polycrystalline  materials,  such  as 
those  including  poly-Si  and  silicon  nitride,  are  also  expected 
to  demonstrate  noise  from  anelastic  noise  processes  caused 
by  grain-boundary  and  point  defect  motion.*^ 

At  present,  there  does  not  exist  a  single  self-contained 
formalism  for  describing  the  resonance  and  noise  properties 
of  nanomechanicai  resonators.  In  the  first  part  of  this  work, 
we  therefore  develop  such  a  formalism,  based  on  the  well- 
known  Euler-Bernoulli  theory  of  beams.  We  hope  that  this 
will  provide  a  clear  and  useful  framework  for  future  devel¬ 
opments  in  the  field.  In  the  latter  part  of  the  work,  we  use 
this  formalism  to  calculate  the  effects  of  the  most  significant 
and  fundamental,  classical  sources  of  noise  on  resonator  per¬ 
formance.  The  importance  of  thermomechanical  noise,  aris¬ 
ing  from  the  nonzero  dissipation  and  temperature  of  a  reso¬ 
nator,  has  been  recognized  for  some  time,  and  its  effects  have 
been  included  in  previous  noise  analyses  of  mechanical 
resonators.®’*"*  Other  noise  sources  have  also  been  included  in 
more  recent  analyses,  as  mentioned  herein.  However,  our 
results  are  not  in  agreement  with  the  results  of  these  more 
recent  works,  in  particular,  in  terms  of  the  magnitude  of  the 
impact  of  the  noise,  as  well  as  the  method  of  analysis  of 
some  of  the  noise  sources,  in  particular,  that  of  the  effect  of 
temperature  fluctuations.  We  have  also  included  a  discussion 
of  defect  noise,  that  to  our  knowledge  has  not  previously 
been  considered. 

We  do  not  consider  noise  or  physical  limitations  pro¬ 
duced  by  particular  transducer  implementations.  Electrostati¬ 
cally  driven  and  detected  resonators  suffer  from  surface 
charge  motion;  magnetomotive  approaches  require  large 
stable  ambient  magnetic  fields;  optical  approaches  require 
stable  sources  of  monochromatic  light.  We  are  more  con¬ 
cerned  with  the  limitations  set  by  the  physics  of  resonator 
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FIG.  1.  Doubly  clamped  beam  with  length  L,  width  w  and  thickness  t.  The 
end  supports  are  assumed  infinitely  rigid. 


behavior,  and  transducer  approaches  should  be  evaluated 
separately  from  these. 


II.  DOUBLY  CLAMPED  BEAM  RESONATORS 


A.  Euler-Bernoulli  theory 

In  Fig.  1,  we  show  the  structure  forming  the  basis  of  our 
calculations;  A  doubly  clamped  beam  of  length  L,  width  w, 
and  thickness  t,  oriented  along  the  x  axis,  driven  into  flexural 
resonance  with  displacement  along  the  y  axis. 

The  dynamic  behavior  of  a  flexural  beam  is  most  easily 
treated  using  the  Euler-Bernoulli  theory,  which  applies  to 
beams  with  aspect  ratios  Llt>\}^  For  an  isotropic  material, 
the  transverse  displacement  Y{x,t)  of  the  beam  centerline 
(along  the  y  direction),  obeys  the  differential  equation 


d^Y 

pA  — r(x,f) 
dt^ 


d^Y 

— jEI  — -{x,t), 
dx^  dx^ 


(1) 


where  p  is  the  material  density,  A  =  wt  is  the  cross-sectional 
area,  E  is  Young’s  modulus,  and  I=wPl\2  is  the  bending 
moment  of  inertia.  The  clamped  ends,  at  x  =  0  and  x  =  L, 
impose  the  boundary  conditions  Y{Q)  =  Y(L)  =  Q  and 
T'(0)  =  T'(L)  =  0.  The  solutions  have  the  form 

Y„{x,t)  =  (Ci„(cos  k„x  —  coshk„x) 

+  C2„(sinA:„  — sinhA:„x))exp(  — /n„f),  (2) 

with  eigenvectors  satisfying  cos  A:„L  cosh  k„L=l.  The  first 
four  eigenvectors  are  given  by  k,jL=  4.73004,  7.8532, 
10.9956,  and  14.1372.  The  angular  frequencies  are  given 
by 


The  fundamental  eigenfrequency  is  given  by 


TABLE  II.  Parameters  for  the  beam  in  this  calculation. 


L 

t 

w 

M 

I'l 

(/im) 

(fg) 

(GHz) 

(/zm  ‘) 

0.66 

0.05 

0.05 

3.84 

1.00 

lAl 

Vi  =  Ui/2  77=  1.027 


(4) 


and  the  higher  modes  are  v„l Vi  =  2J56,  5.404,  and  8.933  for 
n  =  2,  3,  and  4. 

The  eigenfunctions  T„  in  Eq.  (2)  are  mutually  orthogo¬ 
nal,  and  we  normalize  them  to  the  beam  length,  so  that 

f  Yn{x)Y„,{x)dx  =  L^S,„„.  (5) 

Jo 

The  corresponding  coefficients  Ci„  and  C2„  are  listed  in 
Table  I.  An  arbitrary  solution  Y{x,t)  to  undriven  or  driven 
motion  can  be  written 


T(x,f)=2  a„(f)r„(x),  (6) 

n=l 

where  the  amplitudes  a„  are  dimensionless. 

The  fundamental  frequency  vj  is  a  function  of  the  ma¬ 
terial  parameters  E  and  p  as  well  as  the  beam  dimensions  t 
and  L.  High  frequencies  can  be  achieved  by  reducing  the 
overall  resonator  scale,  by  choosing  stiffer  and  lighter  mate¬ 
rials,  and  by  reducing  the  aspect  ratio  L/f;  all  three  of  these 
approaches  are  being  used,  and  at  present  the  highest  re¬ 
ported  frequency  is  0.63  GHz,  for  a  SiC  beam.*®  For  the 
purposes  of  this  article,  we  will  focus  on  a  single-crystal  Si 
beam  with  dimensions  as  given  in  Table  II;  the  relevant 
physical  properties  for  Si  are  given  in  Table  III,  all  at  room 
temperature.  Our  calculations  are  for  the  fundamental  reso¬ 
nance  n  =  l. 

In  the  next  section,  we  discuss  the  anelastic  processes 
that  result  in  a  finite  quality  factor  Q  for  the  beam  resonance, 
described  within  the  context  of  Zener’s  model  for  anelastic 
solids.  In  that  section,  we  will  describe  how  the  Zener  model 
is  included  in  the  formalism  described  so  far.  In  later  sec¬ 
tions,  we  discuss  other  types  of  noise  that  are  not  described 
within  the  context  of  the  Zener  model;  these  have  to  do  with 
parametric  changes  in  the  physical  properties  of  the  resona¬ 
tor,  such  as  its  mass  and  length,  which  cause  the  natural 
resonance  frequency  of  the  resonator  to  change,  but  do  not 
necessarily  involve  energy  dissipation.  Any  single  parametric 
change  can  be  associated  with  a  change  in  the  resonator 


TABLE  I.  Numerical  solutions  for  a  doubly  clamped  beam. 


n  =  l 

2 

3 

4 

k„L 

4.730  04 

7.8532 

10.9956 

14.1372 

1 

2.756 

5.404 

8.933 

CiJL 

-1.0000 

-1.0000 

-0.9988 

-1.0000 

C2„/i. 

0.9825 

1.0008 

0.9988 

1.0000 

TABLE  III.  Properties  for  Si  at  room  temperature. 


Density 

p 

2330  kgW 

Young’s  modulus 

E 

1.69X10“  nW 

Thermal  conductivity 

K 

1.48  W/cmK 

Specific  heat 

Cv 

1.64  J/cm^  K 

Sound  speed 

5860  m/s 

Phonon  mean-free  path 

/ 

50  nm 

Thermal  expansion 

“7 

2.8X10“‘^/K 
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energy,  depending  on  where  in  the  oscillation  cycle  the 
change  occurs,  but  given  events  that  occur  randomly  over  the 
oscillation  period,  on  average,  the  energy  change  is  zero.  The 
noise  sources  we  discuss  include  adsorption-desorption 
noise  due  to  molecules  around  the  resonator,  temperature 
fluctuations  that  change  the  length  and  longitudinal  stress  in 
the  resonator,  and  defect  motion  within  the  resonator.  The 
latter  can  to  some  extent  be  included  in  the  Zener  model,  but 
some  modes  of  defect  motion  will  not  generate  intrinsic  dis¬ 
sipation  but  instead  give  rise  to  parametric  changes. 

For  these  sources  of  parametric  noise,  an  instantaneous 
measurement  of  the  response  of  a  resonator,  as  a  function  of 
frequency,  would  indicate  the  actual  dissipation  associated 
with  material  losses,  while  a  measurement  that  takes  a  non¬ 
zero  time  to  complete  allows  the  resonator  frequency  to  fluc¬ 
tuate  over  the  period  of  the  measurement,  and  would  give  a 
response  curve  that  appears  to  be  associated  with  a  higher 
rate  of  dissipation  than  is  actually  present,  due  to  the  spread 
of  resonance  frequencies  that  appear  over  the  course  of  the 
measurement.  Separating  these  two  effects  experimentally  is 
a  very  challenging  but  intriguing  problem. 


B.  Dissipation  in  mechanicai  resonators 

The  most  significant  mechanism  for  energy  loss  in  a  na¬ 
nomechanical  resonator  is  through  intrinsic  losses  in  the 
beam  material,  which  can  be  treated  using  Zener’s  model  for 
anelastic  solids.*^  Other  important  loss  terms  include  ther¬ 
moelastic  processes,^  which  are  negligible  for  the  resonator 
geometry  and  dimensions  given  here,  and  through  the  trans¬ 
duction  mechanism,*^  which  can  usually  be  minimized 
through  design  considerations. 

In  Zener’s  model,  the  Hooke’s  stress-strain  relation  cr 
=  Ee,  relating  the  stress  cr  to  the  strain  e,  is  generalized  to 
allow  for  mechanical  relaxation  in  the  solid: 


dcr 


d€ 


(7) 


where  is  the  relaxed  value  of  Young’s  modulus.  Loads 
applied  slowly  generate  responses  with  the  relaxed  modulus, 
while  rapidly  varying  loads  involve  a  different  value  for  the 
modulus. 

We  consider  harmonic  stress  and  strain  variations,  cr(f) 
=  cre'“'  and  e(f)  =  ee“^‘.  At  low  frequencies  cot<  1,  this  be¬ 
comes  the  standard  Hooke’s  law  relation  with  E  =  Eif.  At 
high  frequencies  cot>1,  the  modulus  becomes  E  =  Ejj 
=  {Tg./T^)Ei{,  the  imre taxed  Young’s  modulus.  For  interme¬ 
diate  frequencies.  Young’s  modulus  is  complex,  of  the  form 


/  i  COT  \ 

£  =  1  +  - - ,  (8) 

\  1-l-cuV  / 

with  mean  relaxation  time  fractional  modulus 

difference  A  =  {Eij—Ef,)/Ef,,  and  effective  Young’s  modu¬ 
lus 


I  + 


Eeff- 


1  + 


2  2^«' 


(9) 


Equation  (8)  implies  that  the  stress  cr  will  include  a  com¬ 
ponent  that  is  90°  out  of  phase  with  the  strain  e,  which 
causes  energy  loss  at  a  rate  proportional  to  A.  For  small  A, 
we  define  the  quality  factor  Q  as  the  ratio  of  the  imaginary  to 
the  real  part  of  E: 


Q 


1 


COT 

- 

1  -I-  CU^T^ 


(10) 


We  then  use  the  effective  Young’s  modulus  E^ff  in  the 
Euler-Bernoulli  formula,  Eq.  (1)  at  frequency  co, 

,  /  i \ /y 

(i?pAY{x)  =  E^ff{w)l\l  + —\ — -(x).  (11) 

\  2/  dx* 

The  spatial  solutions  Y{x)  are  the  same  as  for  Eq.  (1),  but  the 
dispersion  relation  giving  the  damped  eigenfrequencies  H,) 
in  terms  of  the  undamped  frequencies  is 

+  (12) 

for  small  dissipation  2  *■  Ths  imaginary  part  of  Yl'„ 
implies  that  the  nth  eigenmode  will  decay  in  amplitude 
as  exp(—fl„t/2Q). 


C.  Driven  damped  beams 

We  now  add  a  harmonic  driving  force  F{x,t) 
=/(x)exp(/(Upf),  where  /(x)  is  the  position-dependent  force 
per  unit  length.  The  force  is  uniform  across  the  beam  cross 
section  and  directed  along  y,  and  the  carrier  frequency  is 
close  to  .  The  equation  of  motion  is*^ 

d^Y  d^^Y 

pA  — +£A  — =/(x)c'“Y  (13) 

dr  dx^ 

We  solve  this  equation  for  long  times,  fl]f/2^Y  so  any 
transients  damp  out.  The  solution  then  has  the  form  Y{x,t) 
=  Y{x)e"^c' .  The  amplitude  T(x)  may  be  complex,  so  that 
the  motion  is  not  necessarily  in  phase  with  the  force  F.  Ex¬ 
panding  the  displacement  in  terms  of  the  eigenfunctions  T„  , 

”  “  d‘'Y 

a„Y „{x)  +  EA^  a„ — ^=/(x).  (14) 

« =  1  11  =  1  dx 

Using  the  defining  relation  for  the  eigenfunctions,  Eq.  (1), 
the  dispersion  relation,  Eq.  (12),  and  the  orthogonality  rela¬ 
tions,  Eq.  (5),  this  can  be  written 


=  Y,„(x)fix)dx,  (15) 

pAL^Jo 

for  each  term  m  in  the  expansion.  Eor  close  to  fl  j ,  only 
the  m=l  term  in  Eq.  (15)  has  a  significant  amplitude,  given 
by 


1 


1 


pAL^  iii-a^+inyQJo 


f 


Yi(x)f(x)dx, 


(16) 


for  small  dissipation  2  '  ■ 

We  now  take  a  uniform  force,  f(x)  =/.  The  integral  in 
Eq.  (16)  is  then 
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1  fL 

97i=—  yi(x)c/x  =  0.8309. 

L^Jo 


The  amplitude  is  then 


sponse  of  the  resonator,  the  noise  spectral  density  takes  on  a 
(17)  somewhat  different  form.  We  will  only  treat  the  high- 
temperature  limit,  ksT>hw,  for  the  resonator  noise. 

A.  Dissipation-induced  ampiitude  noise 


«!  = 


Vi  f 


(18) 


where  M  =  pAL  is  the  mass  of  the  beam,  and  the  correspond¬ 
ing  displacement  of  the  beam  is  y(x,f)  =  aiTi(x)exp(/(Uj.f). 

If  the  force  distribution  /(x)  is  instead  chosen  to  be  pro¬ 
portional  to  the  eigenfunction  Ti(x),  the  integral  Eq.  (16)  is 
unity,  so  that  in  Eq.  (18)  is  replaced  by  the  number  1. 

We  point  out  that  the  response  function,  Eq.  (18),  while 
similar  to  that  of  a  damped,  one-dimensional  harmonic  oscil¬ 
lator,  differs  slightly  in  the  ^-dependent  denominator,  but  the 
difference  is  only  apparent  for  small  values  of  Q-.  Eor  values 
of  Q  greater  than  15,  the  fractional  difference  at  any  fre¬ 
quency  is  less  than  1%. 


III.  NOISE  IN  DRIVEN  DAMPED  BEAMS 


Systems  that  dissipate  energy  are  necessarily  sources  of 
noise;  the  converse  is  also  often  true.  This  is  the  basic  state¬ 
ment  of  the  fluctuation-dissipation  theorem,  and  is  best 
known  in  relation  to  electrical  circuits,  where  it  is  termed  the 
Nyquist-Johnson  theorem.  An  electrical  circuit  element  with 
an  electrical  impedance  Z(&))  that  has  a  nonzero  real  part, 
/?( w)  =  ReZ(a)),  will  be  a  source  of  noise,  that  is,  of  fluc¬ 
tuations  in  the  voltage  y(f)  across  the  impedance  Z,  or 
equivalently  in  the  current  I{t)  through  Z.  A  voltmeter  placed 
across  the  circuit  element  will  measure  an  instantaneous 
voltage  that  fluctuates  with  a  Gaussian  distribution  in  ampli¬ 
tude,  with  zero  average  value,  and  a  width  that  is  determined 
only  by  R(a>)  and  the  temperature  T.  A  useful  way  to  quan¬ 
tify  the  noise  is  to  use  the  average  spectral  density  of  the 
noise  in  angular  frequency  space,  defined  for  a  noise  voltage 
V(t)  by 


5y(w)  =  |j  V^it)cos(cot)dt 


(19) 


Here  the  angle  brackets  (...)  indicate  that  a  statistical  en¬ 
semble  average,  over  many  equivalent  systems,  is  to  be 
taken.  The  spectral  density  is  proportional  to  the  electrical 
noise  power  in  a  unit  bandwidth.  The  Nyquist-Johnson  theo¬ 
rem  states  that  this  quantity  is  given  by  Sy(co) 
=  {2/TT)R(w)hwcoth{hw/kgr).  At  high  temperatures  or  low 
frequencies,  such  that  kgT>hw,  this  approaches  the  classi¬ 
cal  limit  SY((o)^2kgTR{w)/TT.  The  spectral  noise  density 
Svif),  as  a  function  of  frequency /=  &i/27r,  is  given  in  the 
high-temperature  limit  by  Sy{f)=2TTSy{(i))  =  Ak^TR{f). 
The  metric  units  of  Sy(J)  are  V^/Hz.  The  corresponding 
current  spectral  noise  density  is  Sj(f)  =  Sy(f)IR^{f) 
^AkgTIR{f),  in  the  high  temperature  limit,  with  units  of 
A^/Hz. 

The  fluctuation-dissipation  theorem  applies  to  mechani¬ 
cal  resonators  with  nonzero  dissipation,  i.e.,  with  finite  Q, 
and  ensures  that  the  mechanical  resonator  will  also  be  a 
source  of  noise,  but  due  to  the  resonant  nature  of  the  re- 


The  displacement  of  a  forced,  damped  beam  driven  near 
its  fundamental  frequency  is  given  by  Eq.  (18).  In  the  ab¬ 
sence  of  noise,  this  solution  represents  pure  harmonic  motion 
at  the  carrier  frequency  .  As  discussed,  the  nonzero  value 
of  2  ^  and  temperature  T  necessitates  the  presence  of  noise, 
from  the  fluctuation-dissipation  theorem.  Regardless  of  the 
origin  of  the  dissipation  mechanism,  it  acts  to  thermalize  the 
motion  of  the  resonator,  so  that  in  the  presence  of  dissipation 
only  (no  driving  force),  the  mean  energy  (£„)  for  each  mode 
n  of  the  resonator  will  be  given  by  {E„)  =  kgT,  where  T  is 
the  physical  temperature  of  the  resonator.  This  noise  term  has 
been  considered  by  a  number  of  authors. 

The  thermalization  occurs  due  to  the  presence  of  a  noise 
force  ff^{x,t)  per  unit  length  of  the  beam.  Each  point  on  the 
beam  experiences  a  noise  force  with  the  same  spectral  den¬ 
sity,  but  fluctuating  independently  from  other  points;  the 
noise  at  any  two  points  on  the  beam  is  uncorrelated.  The 
noise  be  written  as  an  expansion  in  terms  of  the  eigenfunc¬ 
tions  Y„(x), 

1  °° 

fN{x,t)=j  2  In  iOYnix),  (20) 

where  the  force  associated  with  the  mode  n  is  uncorre¬ 
lated  with  that  for  other  modes  n ' ;  the  factor  1/L  appears 
because  of  the  normalization  of  the  Y „  . 

The  noise  force  (f)  has  a  white  spectral  density 
Sf  (w),  and  a  Gaussian  distribution  with  a  zero  mean.  The 
magnitude  of  the  spectral  density  Sf  may  be  evaluated  by 
requiring  that  it  achieve  thermal  equilibrium  for  each  mode 
n.  The  spectral  density  of  the  noise-driven  amplitude  of 
the  nth  mode  is  given  by 


SaS^)  = 


1 


Sf(oy) 

J  n 


(H^-«2)2  +  (H,(/e)2  m2 


(21) 


The  SI  units  for  St  are  (N/m)2/(rad/s)  =  kg2/(s2  rad).  Those 

J  n 

for  Sa  are  l/(rad/s),  because  is  dimensionless. 

The  kinetic  energy  KE,^  of  the  nth  mode  associated  with 
the  spectral  density  Sa  is  given  by 


1  foo  CL 

{KE„)=-\  pAw^Sa  {a))Yl{x)dxda 
^ Jo  Jo  " 

QL^  SfM 


1 


=  T  pAL^h)  Sa(co)da}^  - 


4  n,. 


M 


(22) 

where  the  last  equality  becomes  exact  in  the  limit  2  *^0. 
The  error  in  Eq.  (22)  for  finite  Q  is  less  than  1%  for  Q 
>10. 

In  order  that  this  yield  thermal  equilibrium,  the  kinetic 
energy  is  {KE„)=  ^kgT,  so  the  spectral  density  Sf  must  be 
given  by 
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FIG.  2.  Frequency  spectrum  of  a  driven  beam  in  the  presence  of  noise, 
showing  both  the  central  driven  peak  as  well  as  the  noise  sidebands. 


J  n 


2kBTMfl„ 

ttQL^ 


(23) 


The  term  appears  in  Eq.  (23)  because  is  the  force  per 
unit  length  of  beam.  An  equivalent  derivation  for  a  one¬ 
dimensional  simple  harmonic  oscillator  yields  the  force  den¬ 
sity  Sp((o)  =  2kBTM£l/TTQ.  We  can  write  the  spectral  den¬ 
sity  of  the  thermally  driven  amplitude  as 


5«„(«) 


_ 2kBT 

(nl-co^f  +  {al/Qf  ttML^Q' 


(24) 


When  superposed  with  a  driving  force  with  a  carrier  fre¬ 
quency  Wi.  =  ni,  the  amplitude  noise  power  consists  of  a 
^-function  peak  at  the  carrier  superposed  with  the  Lorentzian 
given  by  Eq.  (24),  as  sketched  in  Eig.  2. 


B.  Dissipation-induced  phase  noise 

The  form  in  Eq.  (24)  represents  frequency-distributed 
amplitude  noise.  Equivalent  expressions  can  be  written  for 
the  phase  noise,  the  fractional  frequency  noise,  and  the  Allan 
variance,*®  which  are  useful  for  time-keeping  and  filter  ap¬ 
plications.  We  note  that  the  different  expressions  are  all 
equivalent  ways  of  expressing  the  same  noise,  and  do  not 
represent  additional  sources  of  noise.  The  resonator  is  driven 
by  the  carrier  signal  near  its  resonance  frequency  H  i ,  and  in 
addition  by  dissipation-induced  noise.  The  time-dependent 
amplitude  is  then 

a(t)  =  aQsm{(i)J+  (}){t)+  0),  (25) 

where  <p{t)  represents  a  phase  variation  from  the  carrier  at 
frequency  the  amplitude  is  constant,  and  0  is  a 

phase  offset.  Eollowing  Robins,*®  we  pick  one  frequency 
component  at  w  for  the  phase  variation,  (^(f)  =  </>o  sin(a)f). 
Assuming  small  maximum  deviation  (f>Q,  the  amplitude  may 
be  written 

a{t)  =  aQ  sin(  0)  -t-ag  w)f) 

-ao^sin((w^-w)f).  (26) 


The  phase  variation  at  w  generates  sidebands  spaced  ±  co 
from  the  carrier,  with  amplitude  ±ao</'o/2.  The  lower  side¬ 
band  is  phase  coherent  with  the  upper  sideband,  with  the 
opposite  sign;  this  is  characteristic  of  phase  noise.  Indepen¬ 
dent  sideband  signals  can  be  generated  by  adding  an  ampli¬ 
tude  noise  source  M{t)  to  the  phase  noise  (pit),  so  that  the 
amplitude  is  written  as 

a(f)  =  ao(l  +M(f))sin(W(,f-l-  (/>(f)+  0).  (27) 

We  consider  a  single  component  at  w  for  both  the  phase  and 
amplitude  modulation,  so  that 

M(f)  =Mo  sin( (uf) 

(28) 

4>{t)  =  (pQ  sm(wf). 

Again  assuming  small  variations,  this  can  be  written  as 

a{t)  =  aQ  sin(&)£.f -f  0)  +  |■ao(4^o+  </’o)siii((  w^-l-  (o)t) 

+  ^aoiMo-(f>Q)smiioj^-(o)t).  (29) 

Setting  the  amplitude  Mq=(Pq,  the  lower  sideband  disap¬ 
pears  and  we  are  left  with  the  independent  upper  sideband 
term, 

a{t)  =  aQ  sin(&)cf -f  0)  +  aQ(pQ  sin(((u,;-l-  (o)t).  (30) 

Choosing  the  opposite  sign  relation  Mq  =  —  (f>Q  allows  the 
lower  sideband  to  be  chosen. 

A  noise  signal  at  a  frequency  offset  from  the  carrier  can 
be  created  from  the  superposition  of  a  phase  and  an  ampli¬ 
tude  modulation  of  the  original  carrier.  In  applications  where 
the  resonator  is  to  be  used  as  a  frequency  source  or  a  clock, 
the  amplitude  modulation  is  unimportant;  Use  of  a  zero¬ 
crossing  detector,  or  a  perfect  limiter,  eliminates  the  effects 
of  the  amplitude  modulation.  We  therefore  ignore  this  noise 
source.  This  is  equivalent,  from  the  arguments  leading  to  Eq. 
(26),  to  limiting  the  noise  to  that  which  is  phase  coherent 
between  the  upper  and  lower  sidebands,  with  amplitudes 
ai(x)^-\- (i>)=  —  aici^— cj).  Noise  which  has  the  opposite 
phase  relation,  with  aioi^-i-  (x))  =  aiu)^  —  o)),  is  due  to  am¬ 
plitude  modulation.  Noise  associated  with  only  one  sideband 
consists  of  the  sum  or  difference  of  these  two  “modes”. 

Dissipation-induced  noise,  of  the  form  given  by  Eq. 
(24),  is  intrinsically  phase  incoherent  on  opposite  sides  of  the 
carrier  signal  at  .  Half  of  the  noise  power  is  therefore 
associated  with  amplitude  modulation,  and  half  with  phase 
modulation;  the  phase  noise  power  is  therefore  /zaZ/the  origi¬ 
nal  total  noise  power. 

We  can  evaluate  the  dissipation-induced  phase  noise  for 
a  resonator  driven  at  its  fundamental  resonance  frequency. 
We  drive  the  resonator  with  a  force  /  per  unit  length,  at  the 
frequency  =  fl  j .  The  amplitude  for  the  response  is  given 
by  Eq.  (18), 


.^2/ 


(31) 


The  amplitude  lags  the  force  by  90°,  and  includes  the  mul¬ 
tiplicative  factor  Q.  Dissipation  generates  incoherent  noise. 
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distributed  about  the  carrier  with  noise  power  given  by  Eq. 
(24).  The  phase  noise  power  density  S^{co)  at  frequency  co 
from  the  carrier  frequency  is  then  given  by 


1  (Hi  +  w) 
S4co)=- - — - 

/7  J 


a{t)  =  aQ  sin(&)£.f +  (5wo/w)sin(a)f)+  9) 

1  ^ruQ 

=  aQ  sin( &>£.?)  +  —  flg - sin((  w)f) 

2  0) 


1  Swq 

-  - sin((Wc- w)f), 

Z  0) 


(40) 


Ill 


k^T 


(2fliw+w2)^  +  ((l^/e)^  rrlflil^L^Me 


2r  2* 


(32) 


For  frequencies  that  are  well  off  the  peak  resonance,  w 
>Cli/Q,  but  small  compared  to  the  resonance  frequency, 
we  may  approximate  the  denominator  as 


kgT 

A  ttVL  yOp'\a  L}  M  Q 


Tfl 

— - 4  (fli/e^w^fli).  (33) 


Here,  we  define  the  energy  at  the  carrier  frequency,  E^ 
=  MfljL^|aip/2.  This  can  also  be  written  in  terms  of  the 
power  P^  =  il^E^IQ  needed  to  maintain  the  carrier  ampli¬ 
tude,  i.e.,  that  needed  to  counter  the  loss  due  to  the  nonzero 
value  of  1/2 : 


ksT 

- Ti  —  (ni/e^w^Hi).  (34) 

We  can  also  write  this  expression  in  terms  of  frequency  / 
=  277(0, 


S4f)^ 


4P,Q^\f  I 


(35) 


C.  Frequency  noise 

The  phase  fluctuations  can  also  be  viewed  as  frequency 
fluctuations,  where  the  amplitude  a{t)  has  a  time  depen¬ 
dence 


Jf 


a(f)  =  aosin  I  o)(t')dt'+9  . 


(36) 


The  time-dependent  frequency  co(t)  is  related  to  the  carrier 
frequency  (o^  and  the  phase  ^(f)  by 


d((Dj+(t){t))  dej) 

Jt 


(37) 


We  define  time-dependent  frequency  variation  Su){t)  as 
d4>{t) 

Soj(t)  =  wit)-co,  =  ^^.  (38) 


We  consider  a  single-phase  modulation  component,  so  that 
(f){t)  =  (fo  sin((of).  The  frequency  variation 

Sa)(t)  =  SwQCOs{wt)  =  w<pQCOs{wt)  (39) 

represents  a  sinusoidal  variation  of  the  frequency,  with  am¬ 
plitude  S(Oo=cof>Q,  modulated  at  cj.  The  time-dependent 
amplitude  in  Eq.  (36)  is 


a  result  very  similar  to  that  for  phase  variations,  Eq.  (26). 

The  arguments  leading  to  the  spectral  density,  Eq.  (34), 
may  be  reworked  to  yield  the  equivalent  expression  for  the 
frequency  variation  noise  density  Ssa-  ^  more  useful  quan¬ 
tity  is  the  fractional  frequency  variation,  defined  as  y 
=  Sw/ .  The  noise  density  for  y  is  related  to  that  for  the 
phase  noise  density  by 

(  dy\^  I  CO 

where  we  use  the  fact  that  modulation  at  co  generates  side¬ 
bands  at  ±  cu  from  the  carrier  at  co^  .  From  Eq.  (34),  we  then 
have 


5y((u)'“ - - — T  (42) 

In  the  frequency  domain,  this  is 
TrkgP 

5y(/)- - r  {vJQ<f<v,).  (43) 

4PcQ^ 


D.  Allan  variance 

A  third  useful  quantity,  commonly  used  to  compare  fre¬ 
quency  standards,  is  the  Allan  variance  crA(TA)-^^’^^  The 
phase  and  frequency  noise  are  defined  in  the  frequency  do¬ 
main;  the  Allan  variance  is  defined  in  the  time  domain,  as  the 
variance  over  time  in  the  measured  frequency  of  a  source, 
each  measurement  averaged  over  a  time  interval  ,  with 
zero-dead  time  between  measurement  intervals.  The  defining 
expression  for  the  square  of  the  Allan  variance  is 

1  1  _ 

)(7irr  2)  (/m-/«,-l)^  (44) 

4''  ^  m  =  2 

where  f„,  is  the  average  frequency  measured  over  the  mth 
time  interval,  of  length  Af  =  ,  and/^  is  the  nominal  carrier 

frequency.  The  squared  Allan  variance  is  related  to  the  phase 
noise  density  by^* 

/  2  \  ^  f” 

o-1(t-a)  =  2  -  S^{co)sin^{wTA/2)d(o,  (45) 

where  (i>^  =  2Trf^  and  u)  is  the  modulation  frequency. 

The  Allan  variance  can  be  calculated  for  various  func¬ 
tional  forms  for  the  phase  noise  density.  For  a  fractional 
frequency  noise  that  has  a  1//  component,  so  that  S^Jco) 
=A{(j!)i./co),  where  A  is  a  scale  factor,  the  phase  noise  den¬ 
sity  is  S  f(u>)=A{(x>^l u))^ ,  and  the  Allan  variance  is 

(Ta{ta)=  V2  log,  2Aftj^.  (46) 
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FIG.  3.  Dependence  of  the  Allan  variance  (T^  on  the  dimensionless  time 
interval  the  Allan  variance  has  been  scaled  to  remove  the  overall 

dependence  on  Q  and  on  drive  energy  •  The  full  dependence  [from  Eq. 
(32)]  is  plotted  as  a  solid  line,  while  the  approximate  form  [Eq.  (50)]  is 
plotted  as  a  dotted  line. 


FIG.  4.  Allan  variance  cr^  as  a  function  of  measurement  interval  ,  cal¬ 
culated  for  the  model  1  GHz  resonator  for  a  range  of  values  of  Q  from  10^ 
to  10^.  The  drive  power  level  P ^  was  chosen  so  that  the  amplitude  of  motion 
=  the  beam  thickness.  For  comparison,  we  also  display  the  variance  for 
a  10  MHz  quartz  crystal  frequency  standard,  the  HP10811D;  figures  taken 
from  manufacturer’s  specifications. 


Hence  a  1//  fractional  frequency  noise  yields  an  Allan  vari¬ 
ance  that  is  independent  of  the  measurement  time  interval. 

For  a  source  that  displays  frequency  drift,  the  fractional 
frequency  noise  will  have  the  form  Sy{o})  =  B{o}^.l o))^\  the 
phase  noise  density  is  then  S ^(oj)=  o})^ ,  and  the  Al¬ 

lan  variance  is 


(^a{ta)  = 


(47) 


Finally,  for  a  white  fractional  frequency  noise  density 
Sy{u))  =  C,  the  phase  noise  density  has  the  form  S^{co) 
=  C(  w^l 0))^,  and  the  Allan  variance  is 


o'a{ta)  = 


(48) 


In  particular,  for  the  approximate  form  for  the  phase  noise 
density  Eq.  (34),  the  Allan  variance  is 


o'a(t-a)  = 


(49) 


Dehning  the  dimensionless  drive  energy  as  the  ratio  of 
drive  energy  per  cycle  to  the  thermal  energy, 

=  2TrP ^1  (xi^kgT,  we  have 


o-a(ta) 


1  j  TT 

Q  V 


(50) 


We  see  that  the  Allan  variance  falls  inversely  with  the  square 
root  of  the  product  co^ta  ,  and  it  is  also  proportional  to  the 
dissipation  2  *.  Other  things  being  equal,  increasing  the 
resonator  frequency  co^.  lowers  the  Allan  variance. 

In  Fig.  3,  we  display  the  approximate  result  Eq.  (50)  as  a 
function  of  (o^Ta,  scaled  to  remove  the  dependence  on  Q 
and  on  ;  we  also  show  the  full  result  obtained  from  inte¬ 
grating  Eq.  (32),  for  values  of  2  >100;  for  values  of  Q  less 
than  this,  the  calculated  value  for  the  scaled  variance  falls 
below  that  plotted. 

We  see  that  the  approximate  expression  given  by  Eq. 
(50)  works  quite  well  for  averaging  times  Ta  more  than  a  few 
tens  of  the  oscillation  period  2  tt/  ;  in  time-keeping  or 


frequency-lock  applications,  one  is  typically  interested  in 
times  much  longer  than  this,  so  the  approximate  form  is  quite 
adequate. 

We  now  turn  to  examining  what  the  implications  are  for 
the  fundamental  sources  of  noise  in  our  model  resonator.  We 
will  focus  on  calculating  the  predicted  dependence  of  the 
Allan  variance. 

E.  Model  resonator  O-dependent  noise 

We  calculate  the  dependence  of  the  Allan  variance  a  a  on 
the  time  interval  and  Q  for  our  model  1  GHz  resonator,  de¬ 
scribed  in  Table  II.  The  results  of  the  calculation  are  shown 
in  Fig.  4.  The  drive  power  level  is  chosen  so  that  the 

amplitude  of  motion  aj  in  Eq.  (18)  is  equal  to  the  beam 
thickness  t,  approximately  the  amplitude  for  the  onset  of 
nonlinearity.  The  calculated  temperature  rise  due  to  dissipa¬ 
tion  in  the  resonator  from  this  level  of  drive  power  is  very 
small,  of  order  0.1  K.  We  also  display  for  comparison  the 
Allan  variance  for  an  oven-controlled  10  MHz  quartz  crystal 
oscillator,  the  HPIOSIID.^^  For  quality  factors  higher  than 
10^,  the  calculated  thermally  induced  fluctuations  are  com¬ 
parable  to  or  better  than  those  of  the  bulk  quartz  resonator. 

IV.  TEMPERATURE  FLUCTUATIONS 

We  now  turn  to  a  discussion  of  the  effects  of  finite  ther¬ 
mal  conductance  and  heat  capacitance  on  the  Allan  variance. 
The  small  dimensions  associated  with  our  model  resonator, 
and  of  nanoscale  resonators  in  general,  imply  that  the  heat 
capacity  of  the  resonator  is  very  small.  The  corresponding 
thermal  fluctuations  are  proportionally  larger,  and  these  may 
in  turn  produce  significant  frequency  fluctuations,  due  to  the 
temperature  dependence  of  the  resonator  material  parameters 
and  geometric  dimensions.  Here,  we  present  a  simple  model 
through  which  the  magnitude  of  these  effects  can  be  esti¬ 
mated. 

A  heat  capacitance  c,  connected  by  a  thermal  conduc¬ 
tance  g  to  an  infinite  thermal  reservoir  at  temperature  T,  will 
have  an  average  thermal  energy  {E^)  =  cT  in  the  absence  of 
any  power  loads.  Changes  in  the  temperature  relax  with  the 
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FIG.  5.  Thermal  circuit  with  a  finite  thermal  conductance  g  and  a  finite  heat 
capacitance  c,  including  a  power  noise  source  p. 
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FIG.  6.  Thermal  model  for  doubly  clamped  beam,  consisting  of  a  series 
connection  of  heat  capacitances  c„  and  thermal  conductances  g„  ,  each  as¬ 
sociated  with  a  cross-sectional  slice  of  the  beam  of  length  Ajc.  Each  thermal 
conductance  is  associated  with  a  power  noise  source  p„  .  The  ends  are 
assumed  clamped  at  the  reservoir  temperature  T.  There  are  a  total  of  N 
=  LI elements. 


thermal  time  constant  Tj=clg.  The  energy  will  however 
fluctuate,  as  the  fluctuation-dissipation  theorem  applies  to 
hnite  thermal  conductances  in  a  manner  similar  to  the 
dissipation-induced  mechanical  noise. The  thermal  circuit 
therefore  includes  a  power  noise  source  p  with  spectral  den¬ 
sity  S p{(x))  =  2kgT^gl TV  (see  Fig.  5).  The  instantaneous  en¬ 
ergy  of  the  heat  capacitance  can  then  be  written  E^(t)  =  cT 
+  SE{t),  where  the  spectral  density  of  the  energy  fluctua¬ 
tions  SE(t)  can  be  derived  from  the  thermal  circuit, 


2  k,TV/g 

'n-  l  +  (o^T^  ' 


(51) 


We  can  interpret  the  energy  fluctuations  as  temperature  fluc¬ 
tuations  ST^(t),  if  we  define  the  temperature  as  T^  =  E^/c. 
The  corresponding  spectral  density  of  the  temperature  fluc¬ 
tuations  is  given  by 


Sj{co)  = 


2  kpT^/g 
'"■  l+CO^T^j 


(52) 


At  low  frequencies  w,  below  that  of  the  thermal  frequency 
1/tj,  the  temperature  fluctuations  ST  follow  those  driven  by 
the  noise  source  p,  while  at  higher  frequencies  the  nonzero 
heat  capacitance  acts  as  a  hlter. 

For  a  resonator  with  the  geometry  shown  in  Fig.  1,  there 
is  no  clear  separation  of  the  structure  into  a  distinct  heat 
capacitance  and  thermal  conductance.  Instead,  we  divide  the 
resonator  into  slices  of  length  Ax  and  cross-sectional  area 
A  =  wXt,  so  that  the  nth  slice  has  heat  capacity  c„ 
=  CyAAx,  where  C„  is  the  specific  heat  per  unit  volume. 
The  («  —  1  )th  and  nth  slices  are  connected  to  one  another  by 
the  thermal  conductance  g„  =  kA/ Ax,  with  thermal  conduc¬ 
tivity  K  given  by  the  classical  formula,  k  =  {  1/3)  (/  is 

the  phonon  mean-free  path  and  the  sound  speed).  The 
thermal  conductances  g„  are  associated  with  noise  power 
sources  p„,  with  spectral  density  Sp  {a))  =  2kgT^g„/ tt.  Fi¬ 
nally,  the  temperatures  at  the  ends  of  the  beam,  where  the 
beam  is  mechanically  clamped,  are  assumed  to  be  given  by 
the  reservoir  temperature  T;  see  Fig.  6. 

In  this  model,  energy  fluctuations  in  the  slices  n  —  1  and 
n  are  anticorrelated  through  the  shared  conductance  :  An 
energy  SE  driven  into  the  nth  slice  by  corresponds  to  the 
same  energy  taken  from  the  (n  — l)th  slice.  These  energy 
fluctuations  then  relax  through  conductance  into  adjacent 
slices,  and  so  on  through  the  beam  length,  so  that  there  is 
some  correlation  between  the  fluctuations  in  all  slices,  al¬ 
though  the  correlations  get  weak  for  distant  slices. 


One  might  expect  that  the  most  accurate  model  would 
use  slices  with  differential  lengths  Ax  =  dx^Q.  However, 
once  the  slices  become  shorter  than  the  phonon  mean-free 
path  /,  the  temperature  in  a  slice  is  no  longer  well  defined. 
We  therefore  choose  slices  with  a  length  Ax  =  /  =  50  nm,  so 
that  each  element  has  a  volume  y=  SOX 50X50  nm^.  The 
corresponding  heat  capacity  is  c  =  Cyy=2X  10^*®  J/K,  and 
the  thermal  links  have  g=  k/  =7.4X10^®  W/K.  The  ther¬ 
mal  time  constant  is  Tj=3Q  ps,  corresponding  to  thermal 
frequencies  ~  35  GHz,  well  outside  the  range  of  frequencies 
of  interest  for  resonator  phase  fluctuations, 

.  For  the  purposes  of  this  calculation,  therefore,  we  can 
treat  the  thermal  fluctuations  in  the  low-frequency  limit. 

Consider  only  the  nth  power  source  of  the  conductance 
p„.  If  we  take  the  frequency  component  at  co,  the  (n  —  I)th 
and  nth  slices  have  temperature  variations  r„_i(w)  and 
T„{(o)  given  by 


(2  +  /wt)7’„_i  -  -^  +  7’„_2  +  7’« 

o 

(2+;(U7-)r„=^  +  r„_i  +  r„+i . 

o 


(53) 


The  corresponding  equation  for  the  (n  +  ni)th  slice  is  given 
by 

{2  +  iwTp)T„+„,  =  T„+„,^i  +  T„+„,  +  i .  (54) 

Taking  the  limit  w  1 ,  we  hnd  that  the  power  source 

/7„(w)  driving  the  nth  slice  generates  a  temperature  variation 
T(w)=  Pij{(o)/2g  uniformly  across  the  beam.  The  corre¬ 
sponding  anticorrelated  source  —p„{(o)  driving  the  (n  —  l)th 
slice  generates  an  equal  but  opposite  temperature  variation. 
Hence,  in  the  limit  the  fluctuations  driven  by  con¬ 

ductances  within  the  beam  have  no  net  effect. 

The  other  source  of  temperature  fluctuations  comes  from 
the  conductances  at  the  beam  ends,  and  g/g+i-  These  also 
drive  the  beam  uniformly,  but  as  the  energy  that  appears  in 
the  first  and  last  elements  does  not  have  an  adjacent  anticor¬ 
related  source,  there  is  now  a  net  effect.  The  final  result  from 
this  model  is  that  the  temperature  of  all  the  elements  in  the 
beam  fluctuate  uniformly,  with  spectral  density  Sj{co)  given 
by  the  incoherent  sum  of  the  two  end  sources. 


Sj(u))  = 


4  kBT^/g 


( w  Tj<i  1 ) . 


(55) 
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We  have  kept  the  frequency  dependence  of  the  thermal  cir¬ 
cuit  in  order  to  retain  the  high-frequency  cutoff  in  the  fluc¬ 
tuations. 

The  effect  these  temperature  fluctuations  have  on  the 
resonator  behavior  involves  changes  in  the  density  and  elas¬ 
tic  modulus,  which  affect  the  frequency  directly,  and  through 
changes  in  the  overall  resonator  length.  The  density  and  elas¬ 
tic  modulus  determine  the  resonator  frequency  through  the 
combination  \lE/p,  which  is  the  sound  speed  ;  this  quan¬ 
tity  has  the  fractional  temperature  dependence 
( He s)dc  J dT=  —5  X  10^^/K  for  pure  Si.^'*  The  correspond¬ 
ing  temperature  dependence  of  the  resonator  frequency  is 
given  by 

1  1  dc, 

Ti - —= - ^  (sound  speed  dependence).  (56) 

al  Cj  dl 

The  changes  in  resonator  length  generate  longitudinal 
stress  in  the  resonator,  as  the  ends  are  assumed  rigidly 
clamped.  The  resonator  length  L  changes  with  temperature 
due  to  the  thermal  expansion  of  Si,  with  {\IL)dLI dT=  aj 
=  2.8X  10^®/K.  A  temperature  change  AT  therefore  induces 
a  longitudinal  extensional  stress  t=  —EajAT.  This  in  turn 
causes  a  change  in  the  nth  resonator  frequency  Cl„{  t),  which 
for  small  extensional  stress  r  is  given  by*^ 


nl{r)  =  illiO)  +  kl^,  (57) 

in  terms  of  the  beam  eigenvectors  and  eigenfrequencies 
El„  =  ^EH pAk\.  The  fractional  frequency  dependence  due 
to  length  change  is  therefore 

1  1  E  kl 

7^  ~  “  777  “r  (length  dependence) .  (58) 

dT  ^  P  0,1 


Hence,  the  spectral  density  of  fractional  frequency  fluc¬ 
tuations  Sy{(x))  caused  by  the  combined  temperature  depen¬ 
dence  on  sound  speed  and  beam  length  is  given  by 

/  1  dO\’^ 


2,  2 

c,k„ 


2  dc^ 


-  arH - - 


c.  dT  I 


^kgT^/TTg 

II  2  2  ‘ 

I  -r  0)  Tj 


(59) 


For  the  fundamental  mode,  we  have  ki  =  4.13/L,  and  insert¬ 
ing  the  model  resonator  parameters,  we  find 


5,(w)  =  (1.6X10^*^/k2) 


keT^lg 

1+  CJ^Tj 


2.7X10^^'  1 

rad/s' 

(60) 


From  the  fractional  frequency  noise,  Eq.  (60),  we  calcu¬ 
late  the  Allan  variance: 


(7^(  rj  =  (2.25  X  10- Vk2)  4kgT'^lgT^ 


the  same  magnitude  and  dependence  on  averaging  time  as 
that  due  to  mechanical  dissipation  for  a  resonator  with  Q  of 
about  10"^,  and  is  a  significant  source  of  fluctuation.  Ways  to 
reduce  the  size  of  this  source  of  variance  include  the  use  of 
materials  with  larger  thermal  conductance,  such  as  AIN  (3.20 
W/emK)^^  and  sapphire  (4.50  W/cmK),  or  better 
temperature-compensated  materials,  such  as  quartz. 


V.  OTHER  SOURCES  OF  NOISE 

There  are  a  number  of  other  sources  of  noise  that  can 
affect  resonator  performance.  We  discuss  here  two  such 
sources,  one  due  to  adsorption-desorption  noise  of  residual 
gas  molecules,  and  the  other  due  to  defect  motion  within  the 
resonator  structure. 

A.  Adsorption-desorption  noise 

Adsorption-desorption  noise  has  been  discussed  in  some 
detail  by  Vig  and  Kim*^  and  Yong  and  Vig."  The  resonator 
environment  will  always  include  a  nonzero  pressure  of 
surface-contaminating  molecules.  These  molecules,  when 
they  adsorb  on  a  site  on  the  resonator  surface,  mass  load  the 
resonator,  and  thereby  change  its  resonance  frequency.  As 
the  molecules  adsorb  and  desorb  due  to  their  finite  binding 
energy  and  nonzero  temperature,  the  resulting  changes  in 
frequency  translate  to  a  source  of  phase  or  fractional  fre¬ 
quency  noise.  As  discussed  herein,  this  type  of  noise  does 
not  fit  into  the  Zener  formalism,  as  the  adsorption- 
desorption  cycle  is  not  intrinsically  a  dissipative  one:  As  the 
arrival  and  departure  times  of  the  atoms  are  random,  they  do 
not  on  average  change  the  energy  of  the  resonator,  but  cause 
its  frequency  to  change  in  a  discontinuous  fashion,  leaving 
the  quality  factor  unchanged.  This  type  of  parametric  noise 
(where  the  overall  resonator  mass  is  fluctuating)  is  therefore 
not  described  by  the  lossy  stress-strain  relation  developed 
by  Zener. 

The  frequency  change  due  to  a  single  adsorbed  mol¬ 
ecule,  AO,  is  proportional  to  the  ratio  of  the  molecule  to 
resonator  total  mass,  m/M\  smaller  mass  resonators  are  more 
sensitive  than  larger  ones.  Furthermore,  as  the  resonator  size 
scale  is  reduced,  the  number  of  adsorption  sites  on  the 
resonator  surface  grows  in  proportion  to  the  number  of  total 
number  of  resonator  atoms:  The  surface-to-volume  ratio 
grows  inversely  to  the  size  scale.  Hence,  nanoscale  resona¬ 
tors  are  more  susceptible  to  adsorption-desorption  noise 
than  larger,  bulk  mechanical  resonators. 

We  use  a  simple  model  to  estimate  the  noise  from  this 
source.  We  assume  a  single  molecular  species  with  mass  m, 
surface  binding  energy  Eg ,  and  pressure  P.  Expressions  may 
be  derived  for  the  adsorption  and  desorption  rates  and 
at  any  given  surface  site;"  with  sticking  coefficient  s,  the 
adsorption  rate  at  any  site  is  given  by 


=  9.3X10-"^,  (61) 

in  the  limit  The  contribution  of  thermal  fluctuations 

to  the  Allan  variance  for  our  model  resonator  is  therefore  of 


2  P 
5  \jmkgT 


(62) 


The  sticking  coefficient  is  typically  temperature  dependent.^® 
Once  bound  to  the  surface,  a  molecule  desorbs  at  a  rate 
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(63) 


where  is  the  desorption  attempt  frequency,  typically  of 
order  10*^  Hz,  and  Ef,  is  the  desorption  energy  barrier.  The 
average  occupation  /  of  a  site  is  then  f=  rg/{r^  +  r^)-,  the 
variance  in  the  occupation  probability  is  cf^qcc^  ^ d ! a 

+  rdf- 

An  expression  may  then  be  derived  for  the  phase  noise 
S^{(o)  resulting  from  the  statistics  of  the  adsorption- 
desorption  process;" 


1  +  (u^tJ 


(64) 


Here,  is  the  correlation  time  for  an  adsorption-desorption 
cycle,  \lTy=r^  +  r^.  A  simple  mass-loading  formula  may  be 
assumed,  AD,  =  {m/2M)£li ,  where  M  is  the  resonator  mass 
and  Hi  is  the  fundamental  frequency  of  the  resonator.  A 
corresponding  expression  for  the  fractional  frequency  noise 
is  then  given  by 


^ occ'^ I  ^ 


Sy{CO)  = 

^  l  +  w^rj  \MI 

We  calculate  the  Allan  variance. 


(65) 


o-a{ta)  = 


lNaT,.a^,m 

V  2ta  M 


(66) 


in  the  limit  T/^>Ty. 

The  occupation  variance  ,  and  therefore  the  noise,  is 
maximum  when  the  site  occupation  probability  is  /=0.5, 
i.e.,  when  the  adsorption  and  desorption  rates  are  equal.  The 
noise  is  minimized  when  the  occupation  probability  is  either 
near  zero  or  near  unity.  For  typical  packaged  pressures,  mo¬ 
lecular  sticking  coefficients,  and  binding  energies,  occupa¬ 
tion  probabilities  are  quite  small;  we  therefore  try  to  mini¬ 
mize  the  occupation  to  reduce  the  fluctuation  variance.  The 
exponential  dependence  of  the  desorption  rate  on  tempera¬ 
ture  provides  a  useful  approach;  heating  the  resonator,  using 
an  on-chip  heating  element,  causes  significant  increases  in 
the  desorption  rate  and  therefore  in  the  occupation  variance 

In  Fig.  7,  we  plot  the  Allan  variance  for  a  1  s  averaging 
interval,  as  a  function  of  package  pressure,  for  two  resonator 
temperatures,  300  and  500  K.  We  have  chosen  a  contaminant 
molecule  with  an  binding  energy  of  £^=10  kcal/mol,  with 
one  adsorption  site  every  0.25  nm^,  and  a  sticking  coefficient 
of  0.1,  typical  values  for  gas  molecules  adsorbing  on  metal 
surfaces."’^®  Note  that  the  sticking  coefficient  is  typically 
temperature  dependent,^®  but  here  we  have  taken  it  as  con¬ 
stant.  We  show  for  comparison  the  overall  Allan  variance  for 
the  HP  1081  ID  10  MHz  quartz  oscillator,  again  for  a  1  s 
averaging  interval. 

It  is  clear  from  Fig.  7  that  this  source  of  noise  is  ex¬ 
tremely  important.  Great  care  must  be  taken  to  passivate  the 
resonator  surface,  thus  reducing  the  sticking  coefficient,  re¬ 
duce  the  pressure,  for  instance  by  including  getters  in  the 
package,  and  possibly  raising  the  ambient  temperature. 


Pressure  (bar) 

FIG.  7.  Allan  variance  for  a  1  s  averaging  interval  as  a  function  of  package 
pressure  for  two  resonator  temperatures,  300  and  500  K.  The  contaminant 
molecule  has  a  binding  energy  £”^=10  kcal/mol,  with  one  adsorption  site 
every  0.25  nm^,  and  a  sticking  coefficient  of  0.1.  Also  shown  is  the  frac¬ 
tional  noise  for  the  HP10811D  10  MHz  quartz  resonator,  for  a  1  s  averaging 
interval. 


B.  Defect  motion 

The  last  source  of  noise  we  would  like  to  consider  is  that 
caused  by  defect  motion  within  the  resonator  volume.  For 
the  single-crystal  resonators  we  have  been  considering,  de¬ 
fect  levels  are  very  low  in  the  base  material.  Statistically, 
there  are  of  order  0  to  1  defects  within  the  volume  of  the 
resonator.  We  therefore  do  not  expect  this  to  provide  a  seri¬ 
ous  source  of  noise  in  these  resonators. 

However,  there  has  been  extensive  work  on  developing 
polycrystalline  materials  for  resonators,  especially  using  sili¬ 
con  nitride  and  poly-Si.^’®  These  materials  include  a  large 
density  of  grain  boundaries,  point  defects,  and  some  voids, 
and  the  motion  of  these  defects  can  cause  phase  and  fre¬ 
quency  noise  in  high-Q  resonators.  Amorphous  Si  created  by 
implantation  has  defect  densities  of  order  1%;^^  similar  lev¬ 
els  are  expected  for  chemical  vapor  deposition-grown  poly¬ 
silicon.  The  quality  factors  of  resonators  fabricated  from  this 
material  are  comparable,  at  room  temperature,  to  those  made 
from  single-crystal  materials  such  Si  and  GaAs,  but  defect 
processes  may  still  play  a  very  important  role. 

Point  defects  in  a  solid  can  be  treated  as  elastic  dipoles, 
with  symmetry  different  from  that  of  the  underlying  crystal 
(see  e.g..  Nowick  and  Berry*^).  In  the  relaxed  state,  the  de¬ 
fects  are  randomly  oriented;  reorientations  occur  due  to  ther¬ 
mally  induced  motion,  at  a  rate  r^=  vq  exp(— with 
an  attempt  frequency  vq~10^^  Hz  and  free  energy  barrier 
Ag*,  typically  of  order  0.1-1  eV.  If  we  consider  a  defect 
with  two  possible  orientations,  with  equal  energies,  the  oc¬ 
cupation  probabilities  are  given  by  the  Gibbs  distribution  and 
are  each  equal  to  1/2;  the  variance  in  the  mean  occupation  is 
equal  to  1/4,  with  mean  reorientation  time  Tyi=  l/Fj.  De¬ 
fects  in  which  the  possible  orientations  have  different  ener¬ 
gies  will  have  smaller  variances  in  the  occupation,  and  there 
will  be  a  range  of  reorientation  times  as  well. 

A  single  defect  moving  or  reorienting  itself  can  cause  a 
change  in  the  local  Young’s  modulus  E;  if  the  defect  has  two 
possible  configurations,  —  and  +,  the  corresponding  local 
modulus  changes  from  E^  +  E_  to  E y.  +  E  +  ,  where  E^  is  the 
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TABLE  IV.  Expressions  for  the  various  spectral  noise  densities  worked  out  for  different  representations  of  the 
same  noise,  as  well  as  for  noise  associated  with  different  fundamental  processes. 

Type  of  noise  Symbol  Expression  Equation 


Force  noise,  mode  n 

5/__(a)) 

IksTMQ.,, 

ttQL- 

(23) 

Amplitude  noise,  mode  n 

n„  2ksT 

(nl-urf+(nl/Qf  ttml-q 

(24) 

On-resonance  amplitude  noise,  mode  n 

2k„TQ 

ttMCH,, 

(24) 

Olf-resonance  phase  noise,  mode  n  =  \ 

k,T  /a, A 

1  o)  / 

(34) 

Off-resonance  fractional  frequency  noise,  n  =  \ 

5,(0)) 

ksT 

(42) 

Allan  variance,  n=l 

<^a('(a) 

1  k,T 
^  SPcQ^'Ta 

(49) 

Temperature  fluctuations 

4  ksf^lg 

(55) 

Allan  variance,  temperature  fluctuations 

<^a(Ta) 

(2.25XW-VK-)  ^ksT-IgT^ 

(61) 

Allan  variance,  adsorption  desorption 

<^Ai'(A) 

/2  Tr 

y  M 

(66) 

Allan  variance,  defect  motion 

(^AiU) 

ho-l  l^d 
>  {ny-y  ta 

(68) 

defect-free  modulus.  Typical  values  for  E+  are  in  the  range 
0.01-0.1£^.  A  mole  fraction  of  such  defects,  all  si¬ 

multaneously  reorienting  from  —  to  -f ,  will  cause  the  effec¬ 
tive  modulus  to  change*^  from  E^+CjE_  to  E^+CjE+  .  If 
we  consider  a  total  mole  fraction  of  identical  defects  Cq 
^  1 ,  that  reorient  independently  between  configurations 
—  and  -f  with  equal  free  energies,  so  that  the  two  configu¬ 
rations  are  equally  likely,  the  average  elastic  modulus  for  the 
solid  will  be  {E)^E^+  Cq(E _+  E  +  )I2.  The  variance  in  the 
elastic  modulus  is  given  by  the  Poisson  formula,  cr^ 
«“Co(£+  — £-)^/4.  Additional  noise  sources  can  appear 
from  the  defect  motion  itself;  the  defect  may  resonate  at  a 
frequency  near  the  resonator  natural  frequency,  causing  ad¬ 
ditional  dissipation  and  additional  noise  terms.  We  ignore 
such  effects  here. 

Applying  this  discussion  to  resonator  frequency  fluctua¬ 
tions,  if  we  assume  the  defects  all  have  equal  impact  on  the 
resonator  frequency  fl,  the  mean  resonator  frequency  (O) 
will  be  that  calculated  from  Eq.  (3)  using  the  average  modu¬ 
lus  (E).  The  frequency  will  have  a  mean  variance  given  by 
{7^  =  (Co/8)(n  + —  n_)^,  where  are  calculated  from  Eq. 

(3)  using  the  moduli  E^  +  CqE+  . 

These  fluctuations,  occurring  with  a  single  reorientation 
time  Tj,  will  generate  fractional  frequency  noise  with  the 
spectral  density 


Sy(CO) 


2  Tj 


(67) 


For  this  distribution,  the  corresponding  Allan  variance  has  a 
similar  functional  form  to  that  shown  in  Fig.  3.  The  defect 
reconfiguration  time  can  range  from  /xs  to  minutes  or 
hours  at  room  temperature,  with  an  exponential  temperature 
dependence.  For  averaging  times  much  larger  than  r^, 
the  approximate  form  for  the  Allan  variance  is 


If  we  assume  a  defect  mole  fraction  Co  =  0.001,  and  modulus 
changes  E+=  ±0.1E^ ,  the  frequency  variance  is  crj|'«l 
X10^®n.  For  a  defect  reconfiguration  time  rj=l  ms,  we 
And  an  Allan  variance  at  1  s  of  5  X  10^*,  a  quite  large 
contribution  compared  to  those  we  have  been  considering. 
Clearly,  active  defect  concentrations  Cq  of  less  than  1  part  in 
10^  are  needed  to  achieve  Allan  variances  competitive  with 
those  of  single-crystal  resonators. 

We  note  that  a  typical  solid  will  include  a  range  of  re¬ 
orientation  times  T^,  which  when  superposed  genetically 
produce  1/f  noise  through  the  Dutta-Dimon-Horn  model. 
In  that  case,  we  can  write 

(Or  - 

SJ(o)^A—ksTV(E),  (69) 

^  CO 

where  T>(E)  is  the  density  of  defect  states  at  energy  E 
= —kgT\ogr{(olvQ^)  and  A  is  a  scale  factor.  In  this  case  the 
Allan  variance  works  out  to  be  [see  Eq.  (46)] 
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o'a(t-a)'“V2  loge  lAw^^ksTViE).  (70) 

Here,  we  see  the  Allan  variance  independent  of  averaging 
time  ,  but  with  a  magnitude  comparable  to  that  of  Eq. 
(68). 

Such  processes,  which  play  an  important  role  in  single¬ 
crystal  and  polycrystalline  metals,  and  for  which  much  infor¬ 
mation  in  metals  exists,  need  to  be  investigated  in  silicon 
nitride  and  poly-Si  to  determine  whether  these  play  an  im¬ 
portant  role  in  limiting  resonator  performance. 

VI.  CONCLUSIONS 

We  have  described  a  formalism  for  treating  the  reso¬ 
nance  behavior,  loss  processes,  and  resulting  frequency  and 
phase  noise  in  nanoscale  resonators.  We  then  applied  this 
formalism  to  evaluate  the  role  of  a  number  of  fundamental 
and  material-dependent  noise  sources,  and  how  these  sources 
affect  the  frequency  stability  of  a  model  1  GHz  nanome¬ 
chanical  resonator.  For  practical  applications,  the  relevant 
comparison  has  been  made  with  an  industry  standard,  the 
oven-controlled  high-precision  quartz  crystal.  We  hnd  that 
the  anticipated  resonator  noise  is  predominantly  from  ther¬ 
momechanical  noise,  temperature  fluctuations,  and 
adsorption-desorption  noise.  The  noise  levels  from  these 
sources  are  comparable  in  magnitude  to  that  of  the  quartz 
crystal,  provided  some  care  is  taken  to  minimize  certain  im¬ 
portant  loss  processes.  In  Table  IV,  we  have  tabulated  the 
various  expressions  for  the  noise,  from  different  treatments 
and  from  different  noise  sources. 

The  results  we  have  calculated  here  are  for  a  doubly 
clamped,  flexural  resonator.  Any  resonator  whose  basic  equa¬ 
tions  of  motion  can  be  reduced  to  those  of  a  linear  simple 
harmonic  oscillator,  driven  by  a  force  term,  will  have  results 
of  the  form  shown  here.  The  results  for  a  cantilevered  beam, 
a  torsional  resonator,  and  a  longitudinal  wave  resonator  will 
therefore  all  be  identical  to  these,  except  that  the  resonance 
frequencies  and  the  mode  shapes  are  different,  so  that  the 
numerical  prefactors  will  be  somewhat  different. 

For  practical  applications,  nanoscale  resonators  can  be 
fabricated  on  chip  with  electronics  needed  to  provide  preci¬ 
sion  frequency  control.  This  would  obviate  the  need  for  an 
externally  packaged  and  controlled  quartz  crystal,  and  enable 
integrated  fabrication. 

Clearly,  there  are  gaps  in  the  available  data  for  evaluat¬ 
ing  whether  the  noise  performance  calculated  here  can  be 
achieved  in  fact.  More  systematic  approaches,  measuring  the 
performance  of  high-Q  resonators  operated  in  phase-locked 
loops,  with  controlled  variations  in  temperature,  environ¬ 
ment,  and  materials,  need  to  be  followed  in  order  to  deter¬ 


mine  whether  the  suggested  applications  are  indeed  viable.  A 
better  understanding  of  the  role  of  defects  and  molecular 
adsorption  and  desorption  is  also  needed  to  evaluate  the  ef¬ 
fect  these  have  on  frequency  stability. 
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The  thermal  conductance  of  mechanically  suspended  nanostructures  has  recently  received  much  attention,  in 
part  due  to  the  recent  prediction  and  observation  of  the  quantum  limit  for  thermal  conductance,  which  is 
observed  in  long,  thin  insulating  beams  at  very  low  temperatures  [D.  E.  Angelescu,  M.  C.  Cross,  and  M.  L. 
Roukes,  Superlattices  Microstruct.  23,  673  (1998);  K.  Schwab,  E.  A.  Henriksen,  J.  M.  Norlock,  and  M.  L. 
Roukes,  Nature  404,  974  (2000);  1.  G.  C.  Rego  and  G.  Kirczenow,  Phys.  Rev.  Lett.  81,  232  (1998);  M.  P. 
Blencowe,  Phys.  Rev.  B  59,  4992  (1999)].  In  this  brief  report,  we  describe  a  model  calculation  where  the 
simple  heam  used  to  calculate  quantum  conductance  [L.  G.  C.  Rego  and  G.  Kirczenow,  Phys.  Rev.  Lett.  81, 
232  (1998)]  is  replaced  by  a  beam  made  from  an  artificial  one-dimensional  phononic  crystal.  We  find  that  at  the 
lowest  temperatures  and  longest  thermal-phonon  wavelengths,  the  quantum  limit  is  recovered,  while  for  inter¬ 
mediate  temperatures,  where  the  dominant  phonon  wavelength  is  of  the  order  of  the  phononic-crystal  repeat 
distance,  a  significant  suppression  of  the  conductance  is  predicted.  At  higher  temperatures  the  conductance 
returns  to  that  of  a  simple  beam. 
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The  ability  to  fabricate  suspended  nanoscale  structures 
that  include  temperature-sensitive  and  electronically  active 
devices  has  allowed  the  development  of  highly  sensitive  me¬ 
chanical  electrometers  and  calorimeters,  and  the  recent  ob¬ 
servation  of  the  quantum  of  thermal  conductance. In 
bolometric-  and  calorimetric-detector  applications,  the  en¬ 
ergy  sensitivity  of  the  detector  is  ultimately  limited  by  the 
nanostructure  heat  capacity  C  and  the  thermal  conductance  Q 
linking  the  capacitance  to  a  temperature  reservoir.  In  general, 
smaller  size  structures  yield  smaller  heat  capacities.  The  ther¬ 
mal  links,  which  also  act  as  mechanical  supports  for  the  sus¬ 
pended  structure,  give  increased  thermal  isolation  with 
smaller  cross  sections  and  larger  length-to-diameter  aspect 
ratios.  An  example  of  a  nanoscale  bolometer  is  shown  in  Fig. 
1.  The  device  consists  of  a  small  block  of  single-crystal 
GaAs,  suspended  by  four  thin  beams  from  the  bulk  substrate. 
A  pair  of  superconductor-insulator-normal-metal  (Al-I-Cu) 
double-tunnel  junctions  have  been  patterned  on  the  surface 
of  the  suspended  block,  and  act  as  heaters  and  thermometers 
allowing  the  measurement  of  the  thermal  conductance  of  the 
supports;  a  more  complete  description  of  this  device  will 
appear  in  Ref.  8. 

The  thermal  conductance  in  this  structure  is  determined 
by  the  conductance  of  the  four  thin  beams  supporting  the 
central  block;  these  comprise  a  0.2-yU,m-thick  GaAs  beam 
with  an  overlying  0.05-/zm-thick  superconducting  A1  elec¬ 
trode.  Operated  well  below  the  superconducting  transition 
temperature,  the  thermal  conductance  is  that  of  an  electrical 
insulator,  dominated  by  the  thermal  conductance  through  the 
delocalized  phonon  modes  connecting  thermal  reservoirs  at 
either  end  of  the  beam.  The  thermal  conductance  Q  is  given 
by  the  formula* 


g= 


(1) 


Here  n  runs  over  the  delocalized  phonon  modes  in  the  beam, 
and  %,{w)  is  the  phonon  transmissivity  for  that  mode  at  fre¬ 


quency  w;  each  mode  has  a  continuum  of  transmitting  fre¬ 
quencies.  Most  of  the  modes  in  a  beam  have  low-frequency 
cutoffs  similar  to  those  for  electromagnetic  waves  in  a  wave¬ 
guide;  a  simple  beam  has  only  four  modes  that  do  not  have 
such  cutoffs,  one  longitudinal,  one  torsional,  and  two  flexural 
modes.  At  the  lowest  temperatures,  therefore,  only  these  four 
modes  can  conduct  energy,  and  if  each  of  these  modes  has 
transmissivity  T^l,  the  thermal  conductance  approaches  a 
universal  quantum  limit:  =  A( Tr^k^/S/rjr,  with  N=4  be¬ 
ing  the  number  of  low-frequency  modes.  In  this  low- 
temperature  limit,  the  thermal  conductance  is  independent  of 
the  beam  length  and  cross  section,  and  is  proportional  to  T. 
This  prediction  for  the  thermal  conductance  has  recently 


A1  Cu 


0 


EIG.  1 .  Electron  micrograph  of  a  nanoscale  bolometer,  compris¬ 
ing  a  pair  of  Al-I-Cu-I-Al  tunnel  junctions  fabricated  on  the  surface 
of  a  (2 X 3  X0.2)-;U,m^  GaAs  block,  which  is  suspended  by  four 
(0.2X0.2X4)-;U,m^  beams  from  the  bulk  substrate.  Below  is  a 
sketch  of  the  geometry  including  the  tunnel  junctions,  and  a  highly 
simplified  thermal  model,  indicating  the  heat  capacitance  C  of  the 
central  block  (dominated  by  that  of  the  normal  Cu  metal),  and  ther¬ 
mal  conductance  Q  for  each  of  the  four  beams. 
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been  experimentally  demonstrated  by  Schwab  et  al? 

The  prediction  for  the  low-temperature  quantum  limit  Qq 

0  ^ 

appears  to  be  quite  robust.  A  recent  calculation  includes  the 
effect  of  surface  roughness  on  the  thermal  conductance  of  a 
simple  beam;  the  roughness  causes  elastic  scattering  between 
the  allowed  phonon  modes,  including  scattering  between 
forward-traveling  and  reverse-traveling  phonons.  The  au¬ 
thors  found  that  if  the  roughness  has  a  correlation  length  A, 
then  phonons  with  wavelengths  much  larger  than  or  much 
smaller  than  A  have  a  transmissivity  approaching  unity.  The 
thermal  conductance  of  a  roughened  beam  is  then  given  by 
the  quantum  limit  for  temperatures  low  enough  that  the  char¬ 
acteristic  phonon  wavelength  is  larger  than  A,  and  returns  to 
the  dependence  given  by  Eq.  (1)  for  temperatures  high 
enough  that  the  dominant  phonon  wavelengths  are  much 
smaller  than  A.  At  temperatures  between  these  limits,  a  mod¬ 
erate  suppression  of  the  conductance  below  Qq  is  found, 
where  the  scattering  is  the  strongest;  this  explains  the  corre¬ 
sponding  suppression  seen  in  the  experiment^  at  intermediate 
temperatures. 

In  this  paper,  we  investigate  the  thermal  conductance  for 
beams  fabricated  from  beams  made  from  artificial  phononic 
crystals  in  the  absence  of  scattering.  Periodically  modulated 
mechanical  structures,  which  generate  classical  band  struc¬ 
tures,  have  been  used  for  some  time  for  applications  in  ul¬ 
trasound  and  ultrasonic  transducers a  description  of  the 
current  theoretical  and  experimental  work  appears  in  a  re¬ 
view  by  Kushwaha.*^  The  dispersion  relation  u){k)  for 
acoustic  phonons  traveling  in  a  periodically  modulated  ma¬ 
terial  is  found  to  develop  gaps  in  the  transmission  spectrum 
at  wave  vectors  k  associated  with  the  modulation  wave  vec¬ 
tor;  these  gaps  should  have  an  effect  on  the  thermal  conduc¬ 
tance  of  a  beam  fabricated  from  such  a  material.  We  have 
calculated  the  dispersion  relations  for  a  periodically  modu¬ 
lated,  quasi-one-dimensional  beam  using  two  different 
acoustic  models.  We  find  that  the  resulting  band  structure, 
with  gaps  at  frequencies  that  correspond  to  the  phonons 
dominant  at  quite  low  temperatures,  yields  significant  reduc¬ 
tions  in  the  thermal  conductance  from  the  quantum  limit  Qq 
at  moderate  temperatures.  However,  the  presence  of  delocal¬ 
ized  Bloch  states  at  the  lowest  phonon  frequencies,  below 
the  gap,  gives  a  thermal  conductance  that  approaches  Qq  at 
the  lowest  temperatures. 

Our  first  model  is  for  the  longitudinal  acoustic  mode  in  a 
beam  of  variable  cross  section,  x  being  the  coordinate  along 
the  beam  length,  and  A{x)  being  the  (position-dependent) 
cross-sectional  area,  the  longitudinal  displacement  u(x,t) 
satisfies  the  approximate  one-dimensional  equation*^’^ 


1  d^u  d^u  1  dA  du 

dt^  dx^  A  dx  dx" 


(2) 


where  C;  is  the  longitudinal  sound  speed.  We  assume  a  peri¬ 
odic  variation  in  the  cross  section  A,  of  the  form 
d  In  A(x)/o!r=eG  sin  Gx,  with  amplitude  e  and  wave  vector  G 
(see  inset  to  Fig.  2).  The  solutions  to  Eq.  (2)  can  be  expanded 
in  the  Bloch  form  with  wave  vector  k  and  frequency  w. 


FIG.  2.  Calculated  dispersion  relation  for  modulation  strengths 
e=0,  0.1,  0.25,  and  0.5  in  the  longitudinal  acoustic  model.  The  gap 
A&)  for  £  =  0.5  is  indicated,  as  is  the  band-gap  center  frequency 
&)o=C;G/2.  Eleven  bands  were  included  in  the  calculation,  the  low¬ 
est  two  are  shown  here. 


u(x,t)=  2  t/„  exp[/(k-l-nG)x-l-/mf].  (3) 

n  =  — 00 

In  the  limit  e— >0,  the  terms  in  Eq.  (2)  with  different  n  are 
decoupled  and  yield  the  dispersion  relations  co  —Cjik 
+  nG)^;  these  are  drawn  in  Fig.  2  in  a  repeated-zone 
scheme.  With  nonzero  e,  these  terms  become  coupled,  we 
numerically  solve  the  eigenvalue  equations  Eq.  (2). 

We  find  that  gaps  Am  open  in  the  dispersion  spectrum  at 
the  Brillouin-zone  edges  k  =  ±  G/2  corresponding  to  a  fre¬ 
quency  mo  =  C;G/2  in  the  center  of  the  gap.  In  Fig.  2  we 
show  the  dispersion  relations  for  the  two  lowest  bands,  for 
the  unmodulated  (e  =  0)  beam,  and  for  a  range  of  variational 
amplitudes  e.  This  structure  therefore  forms  a  one¬ 
dimensional  phononic  crystal,  with  a  forbidden  frequency 
band  centered  at  mg,  of  magnitude  Am/mgSg. 

As  an  example,  a  beam  fabricated  from  Si  with  a  thick¬ 
ness  of  0.2  /rm,  can  easily  be  patterned  with  a  modulated 
width  w  varying  from  0.1  to  0.5  /jm  with  a  periodicity  of 
2  rr/G  =  0.5  /xm.  The  variational  amplitude  in  Eq.  (2)  is  then 
8=1,  and  the  corresponding  bandgap  is  centered  at  mg 
=  C/G/2=  33  GHz.  The  calculation  predicts  a  gap  with  band¬ 
width  Am  =  22GHz,  taking  the  sound  speed  C;  =  4300 m/s. 

In  our  second  model  we  use  a  scalar  phonon  model  of  the 
type  used  by  Santamore  and  Cross. ^  The  scalar  phonon  dis¬ 
placement  field  ‘I>(r,f)  satisfies  the  homogeneous  wave 
equation  with  elastic  modulus  E  and  density  p, 

d^<i> 

p^  =  V-(£V<D).  (4) 

The  beam  is  now  fabricated  as  a  composite  structure  with  a 
periodic  variation  in  the  density  and  elastic  modulus,  so  that 
E  =  E(x)  and  p  =  p(x),  as  sketched  in  Fig.  3.  The  beam  has 
width  w  along  the  y  axis  and  thickness  t  along  z-  We  assume 
that  the  surfaces  of  the  beam  are  stress-free,  so  that  d^ldfi 
=  0  for  a  local  surface  normal  fi  at  z  =  0,t  and  y  =  0,w. 

The  solutions  to  Eq.  (4)  are  separable  and  have  the  form 
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{b) 


FIG.  3.  (a)  Dispersion  relation  for  empty  lattice,  showing  the 
three  lowest  modes  for  the  scalar  model,  plotted  in  an  extended- 
zone  scheme.  Dashed  box  shows  the  region  plotted  in  detail  in  (b). 
(b)  Dispersion  relation  including  the  structural  modulation,  plotted 
in  the  reduced-zone  scheme.  The  calculation  is  for  perturbation 
strengths  (5=e=0.1,  0.25,  0.5,  and  0.75.  Black  solid  and  dashed 
lines  are  for  the  (k^  ,l,m)  =  (k^,0,0)  mode,  and  solid  and  dashed 
gray  lines  are  for  the  (/:^,1,0)  mode.  The  geometric  parameters 
were  w  =  2t  and  modulation  wave  vector  G  =  0.6'77/f.  Inset  shows 
the  geometry  for  the  structure. 

<I>(r,f)  =  </>(x)cos^;yCos^„ze'""  (5) 

with  transverse  wave  vectors  ki=  Itt/w{1  =  Q,1,2,...)  and  k„ 
=  m7r/f(m  =  0,l,2,...).  The  function  <p{x)  satisfies 

We  assume  that  the  elastic  modulus  has  the  spatial  depen¬ 
dence  E{x)  =  Eq[  1  +  e  cos(Gjt:)]  with  a  modulation  amplitude 
e  and  wave  vector  G;  the  inverse  density  has  the  same  type 
of  dependence,  l/p(jt:)  =  (l/po)[l  +  ^cos(Gjr)],  with  ampli¬ 
tude  S.  If  e  and  S  are  taken  to  have  the  same  sign,  then  an 
increase  in  elastic  modulus  is  coupled  with  a  decrease  in 
density.  The  solutions  to  Eq.  (6)  have  the  same  form  as  for 
our  previous  model  with 


(f)=uP'(f).  (6) 


</.(x)=  2  (7) 

n  =  —oc 

Inserting  this  form  into  Eq.  (6),  we  can  calculate  the  eigen¬ 
value  solutions  (u(k^)  for  the  modes  {k^,l,m).  In  the  limit 
e,S^0,  the  “empty-lattice”  solutions  a)^  =  cl(kl  +  k^  +  klj) 
are  found  with  wave  velocity  Cq  =  Eq/ pq.  Eor  nonzero  e  and 
S,  we  solve  the  coupled  equations  numerically;  the  solutions 
are  plotted  in  Eig.  3  for  the  two  lowest  bands  (/,m)  =  (0,0) 
and  (/,m)  =  (l,0)  as  a  function  of  longitudinal  wave  vector 
kj, .  In  the  calculation  we  have  retained  terms  of  second  order 
eS,  which  mix  wave  vectors  in  band  n  with  those  in  bands 
«  ±  2 ;  dropping  these  does  not  significantly  change  the  result 
shown  in  Eig.  3. 

We  again  find  that  gaps  open  in  the  dispersion  spectrum  at 
the  Brillouin-zone  boundaries  k  =  ±  G/2,  with  the  magnitude 
for  the  gap  between  the  lowest  two  bands  approximately 
given  by  Aw/wq^b  for  <5=8.  If  our  composite  structure 


(a)  (b) 
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FIG.  4.  (a)  Calculated  thermal  conductance  in  units  of  the  quan¬ 
tum  of  thermal  conductance  Qq  for  one  mode  of  a  phononic  crystal 
beam  as  a  function  of  temperature  normalized  to  the  band-gap  cen¬ 
ter  wq  .  The  solid  line  is  for  a  simple  beam  showing  the  quantum 
value  Q/Qq  =  I,  and  the  dotted  lines  are  for  phononic  crystal  beams 
with  band-gap  widths  A  <u/ too  =  0.2,  0.4,  0.6,  and  1.  The  dotted  line 
shows  (b)  Thermal  conductance  including  the  higher-order  modes, 
for  the  simple  beam  (solid  line)  and  for  the  same  series  of  modula¬ 
tion  widths  A  &)/<oo . 


consists  of  a  0.2-/zm-thick  beam  of  Si  (£  =  47  GPa,  p 
=  2330  kg/m^)  combined  with  Pb  (£=16  GPa,  p 
=  11340  kg/m^),  we  have  s  =  0.5  and  ^sO.65,  and  we 
choose  a  periodicity  27r/G  =  0.5  p,m.  The  calculation  then 
yields  a  band  center  at  (Uo  =  CoG/2=  14GHz  with  bandgap 
width  Aa)  =  0.56(Uo=8  GHz. 

These  two  approximate  methods  for  calculating  the  dis¬ 
persion  relation  of  a  one-dimensional  phononic  crystal  yield 
rather  similar  results.  We  now  consider  what  the  implications 
are  for  the  thermal  transport  through  a  beam  fabricated  with 
such  a  periodic  structure.  We  assume  that  the  beam  is  adia- 
batically  coupled  to  thermal  reservoirs  at  either  end,  using 
smooth,  graduated  increases  in  the  cross-sectional  area  A  to 
the  bulk  solid;  we  therefore  avoid  end-to-end  phonon 
resonances,^  and  the  acoustic  mismatch  from  abrupt  area 
transitions.*’*^  We  calculate  the  temperature  dependence  of 
the  thermal  conductance  for  a  single  low-frequency  Bloch 
mode  with  transmissivity  7(a))  equal  to  1  for  <u  in  the  al¬ 
lowed  bands,  0<cu<<yo  — Acu/2  and  o)  >  a)Q  + Aa)/2,  and 
zero  for  o)  in  the  forbidden  gap  region.  The  result  of  the 
calculation,  using  Eq.  (1),  is  shown  in  Eig.  4(a),  calculated 
for  temperatures  well  below  the  cutoff  temperature  for  the 
second  mode  [the  mode  (^^.,1,0)  in  the  scalar  model,  Eq. 
(4)].  In  part  (b)  of  that  figure  we  display  the  temperature 
dependence  including  the  higher-order  modes. 

At  the  lowest  temperatures,  such  that  the  primary  phonon 
frequency  is  much  smaller  than  the  lower  band-gap  edge 
a)Q  — Ao)/2,  the  thermal  conductance  for  the  single  mode  is 
given  by  the  quantum  limit  Qq  .  As  the  temperature  is  in¬ 
creased,  the  phonon  distribution  passes  through  the  gap  fre¬ 
quency  Wq  ,  and  the  thermal  conductance  falls  to  a  minimum 
at  a  temperature  roughly  given  by  k^T ^^^=hwQl2.1 .  Above 
this  temperature,  significant  numbers  of  phonons  populate 
the  upper  band;  at  high  enough  temperatures  the  result  for  a 
simple  beam  is  recovered,  with  conduction  occurring 
through  a  number  of  cutoff  modes.  This  behavior  is  remark- 
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ably  similar,  although  larger  in  magnitude,  to  that  calculated 
for  scattering  due  to  imperfections  in  the  surface  of  a  simple 
beam,  as  shown  by  Santamore  and  Cross. ^  Here  we  can  tune 
the  amount  by  which  the  conductance  is  lowered  at  interme¬ 
diate  temperatures  by  increasing  the  width  of  the  gap,  and 
shift  the  point  of  minimum  conductance  by  changing  the 
crystal-repeat  distance.  However,  at  low  enough  tempera¬ 
tures  the  quantum  of  conductance  will  always  be  recovered. 

For  our  two  numerical  examples  cited  above,  the  modu¬ 
lation  of  the  cross-sectional  width  w  of  a  Si  beam  from  0.1  to 
0.5  jjm  yields  a  minimum  in  normalized  thermal  conduc¬ 
tance  at  a  temperature  of  0.25  K,  with  a  reduction  by  a  factor 
of  0.7.  For  the  composite  modulated  beam  consisting  of  a 
modulated  Si/Pb  overlayer  structure,  the  normalized  conduc¬ 
tance  minimum  is  at  0.11  K,  with  a  reduction  factor  of  0.57. 

We  have  only  considered  the  thermal  conduction  through 
effectively  one  of  the  four  types  of  conducting  modes  in  the 
beam.  The  other  three  modes  will  developed  band  gaps  as 
well,  at  the  same  wave  vectors  k^  =  ±G/2,  but  at  somewhat 
different  center  frequencies  coq  due  to  the  different  acoustic 
sound  speeds  for  these  modes,  and  with  different  bandgaps 


Aw  due  to  the  different  coupling  strengths.  The  total  thermal 
conductance  will  consist  of  the  superposed  conductance  as¬ 
sociated  with  each  mode  and  will  therefore  smear  somewhat 
the  features  shown  in  Fig.  4.  However,  a  signihcant  feature 
should  still  be  visible  at  intermediate  temperatures. 

In  conclusion,  we  hnd  that  the  quantum  of  conductance  is 
quite  robust,  and  for  any  given  phononic  crystal  the  thermal 
conductance  at  low  enough  temperatures  will  recover  to  the 
quantum  limit.  At  moderate  temperatures,  however,  the  ther¬ 
mal  conductance  can  be  controllably  reduced  below  the 
quantum  limit,  over  a  range  of  temperatures  set  by  the  fab¬ 
rication  parameters  for  the  phononic  crystal.  This  capability 
may  prove  useful  in  bolometric  and  calorimetric  applica¬ 
tions. 
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Aluminum  nitride  is  a  light,  stiff,  piezoelectrically  active  material  that  can  be  epitaxially  grown  on 
single-crystal  Si.  AIN  is  beginning  to  play  a  role  in  the  integration  of  semiconducting  electronic  and 
surface  acoustic  wave  devices,  and  may  prove  useful  for  the  integration  of  other  types  of  mechanical 
devices  as  well.  We  describe  the  growth  and  subsequent  electron-beam  patterning  and  etching  of 
epitaxial  AlN-on-silicon  films  into  nanomechanical  flexural  resonators.  We  have  measured 
resonators  with  fundamental  mechanical  resonance  frequencies  above  80  MHz,  and  quality  factors 
in  excess  of  20000.  ©  2001  American  Institute  of  Physics.  [DOI;  10.1063/1.1396633] 


Aluminum  nitride  is  proving  to  be  a  useful  material  in 
the  semiconductor  industry,  as  it  can  be  grown  epitaxially  on 
(111)  Si  substrates,  typically  by  metalorganic  chemical  vapor 
deposition  (MOCVD),  forming  high  quality,  smooth  films 
with  the  c  axis  oriented  along  the  growth  direction.  AIN  is  a 
very  light  (p  =  3255kg/m^),  stiff  material,  with  a  Young’s 
modulus  of  345  GPa  and  a  c-axis  sound  velocity  of  11.4 
km/s.  The  large  piezoelectric  constant  e33=1.5C/m“  corre¬ 
sponds  to  an  electromechanical  coupling  constant 
=  6.5%.*  Aluminum  nitride  is  fracture  resistant  and  chemi¬ 
cally  nonreactive,  with  negligible  etching  rates  when  ex¬ 
posed  to  most  strong  acids  and  bases. ^ 

This  material  is  a  clear  candidate  for  the  integration  of 
surface-acoustic  wave  devices  on  chip  with  silicon-based 
electronics.  In  addition,  it  can  be  used  to  fabricate 
submicron-scale  cantilevers  and  flexural  beams.  Such  sus¬ 
pended,  mechanically  active  structures  allow  applications  in 
force  microscopy,  optical  couplers,  and  stable  oscillators  and 
filters.  Other  materials  under  development  for  these  applica¬ 
tions  include  Si,  both  single  crystal  and  polycrystalline,  poly¬ 
crystalline  silicon  nitride,  GaAs,  and  silicon  carbide.^  ***  Me¬ 
chanical  actuation  and  sensing  in  most  of  these  materials 
relies  on  electrostatic,  optical,  or  magnetomotive  techniques, 
which  suffer  from  poor  coupling  and  implementation  diffi¬ 
culties.  Aluminum  nitride,  by  contrast,  provides  both  the  pos¬ 
sibility  for  very  high  resonance  frequencies  and  piezoelectric 
actuation. 

We  have  developed  a  method  to  fabricate  radio  fre¬ 
quency  flexural  resonators  from  single-crystal  AIN  films. 
Here  we  describe  the  fabrication  process,  as  well  as  measure¬ 
ments  demonstrating  fundamental  resonance  frequencies 
above  80  MHz  and  very  high  quality  factors,  in  excess  of 
2X10^. 

The  AIN  films  samples  were  grown  on  (111)  Si  wafers  in 
a  multiwafer,  rotating  disk  MOCVD  system  under  low- 
pressure  conditions.  Triethylaluminum  (TEA)  and  ammonia 
( NH3)  were  used  as  the  A1  and  N  precursors,  with  H2  as  the 
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carrier  gas.  Low  pressures  were  used  to  accommodate  the 
low  vapor  pressure  of  TEA,  and  to  minimize  pre-reactions. 
Prior  to  buffer  layer  growth,  the  Si  wafers  were  etched  for  20 
s  in  10%  hydrofluoric  acid.  The  wafers  were  then  heated  for 
10  min  at  900  °C  in  a  H2  atmosphere,  leaving  an  atomically 
clean  surface  for  epitaxy.  An  AIN  nucleation  layer  (25  nm 
thick)  was  then  grown  at  an  approximate  surface  temperature 
of  550  °C  and  TEA  and  NH3  flows  of  0.6  /^moles/min  and 
1.1  moles/min,  respectively.  The  AIN  epilayer  was  then 
grown  at  1100°C,  with  a  TEA  flow  of  0.9  /rmoles/min,  es¬ 
tablishing  a  V/III  ratio  of  12000;  a  growth  rate  of  0.15  /rm/h 
can  thereby  be  achieved.  Eilm  thicknesses  were  measured  by 
optical  interferometry  to  be  f  =  0. 17yu,m.  A  more  detailed 
description  of  the  growth  system  and  process  can  be  found 
elsewhere.** 

Elexural  resonators  were  fabricated  using  a  combination 
of  optical  and  electron  beam  lithographies.  Optical  lithogra¬ 
phy  was  used  to  define  a  liftoff  pattern  for  large-scale  wire- 
bond  pads,  which  consisted  of  a  3  nm  thick  Ti  adhesion  layer 
followed  by  a  110  nm  thick  Au  film.  Electron-beam  lithog¬ 
raphy  was  then  used  to  define  a  liftoff  pattern  for  a  metal 
electrode  that  runs  along  the  length  of  each  resonator  for 
magnetomotive  excitation.^  The  electrode  comprised  a  3  nm 
Ti  adhesion  layer,  a  35  nm  Au  film,  and  a  60  nm  Ni  film;  the 
Ni  served  as  an  etch  mask  for  the  anisotropic  reactive  ion 
etch  of  the  AIN.  Beam  lengths  ranged  from  3.6  to  5.9  pm, 
with  0.2  pm  widths.  The  ends  of  the  beams  were  defined  by 
a  step  increase  in  the  width  to  2.4  pm. 

The  electrode  pattern  was  transferred  to  the  AIN  film 
using  anisotropic  Cl2-based  reactive  ion  etching  (RIE). 
Samples  were  placed  in  a  parallel-plate  load-locked  RIE 
chamber,  which  was  pumped  to  5  X  10^^  Torr.  Chlorine  gas 
was  admitted  at  10  seem,  with  a  chamber  pressure  of  5 
mTorr.  A  rf  plasma  was  ignited  with  200  W  of  rf  power, 
yielding  a  substrate  voltage  of  400  V.  The  AIN  etch  rate  was 
approximately  150  nm/min,  with  very  vertical  sidewalls.  The 
etch  rate  for  the  Si  substrate  and  the  Ni  mask  was  negligible 
in  these  conditions. 

The  Ni  was  then  removed  using  a  commercial  Ni 
etchant,*^  and  the  structures  released  by  etching  the  Si  sub- 
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FIG.  1.  Series  of  four  AIN  beams,  with  the  undercut  lengths  ranging  from 
3.9  to  5.6  fJLm.  The  beams  are  0.17  /xm  thick,  and  the  widths  are  0.2  /xm, 
increasing  to  widths  of  2.4  fim  at  either  end. 


Length  L  (|im) 


strate  with  an  isotropic  wet  etchant  [5  parts  ammonium  fluo¬ 
ride;  120  parts  nitric  acid:60  parts  de-ionized  (DI)  water*^].  A 
15  s  etch  was  sufficient  to  mechanically  free  the  resonators; 
the  structures  were  rinsed  in  methanol,  and  dried  in  air. 
Structures  fabricated  in  this  way  did  not  in  general  collapse, 
obviating  the  need  for  CO2  critical  point  drying.  An  electron 
micrograph  of  a  set  of  completed  beams  in  shown  in  Fig.  1. 
Note  that  the  narrow  part  of  the  beams  is  completely  under¬ 
cut,  while  the  wider  steps  are  undercut  to  a  depth  of  approxi¬ 
mately  0.3  jjm.  We  take  the  nominal  length  L  of  the  beam  to 
be  the  length  measured  from  the  edge  of  the  undercut  at 
either  end;  the  lengths  for  the  beams  we  describe  here  ranged 
from  3.9  to  5.6  /rm. 

Electrical  contacts  to  the  completed  resonators  were 
made  with  Au  wire  bonds,  and  the  structures  were  placed  in 
a  vacuum  can,  which  was  evacuated  and  then  submerged  in 
liquid  helium,  in  the  bore  of  an  8  T  magnet.  A  semirigid  50  fl 
coaxial  cable  connected  room-temperature  electronics  to 
each  resonator.  The  center  pin  of  the  cable  was  connected  to 
one  end  of  each  resonator,  with  the  other  end  of  the  resonator 
grounded.  The  resonators  were  oriented  with  the  plane  of  the 
sample  parallel  to  the  magnetic  field,  with  the  beam  length 
perpendicular  to  the  field  B,  allowing  magnetomotive  mea¬ 
surement  of  the  beam  resonance  frequency  fl  and  quality 
factor  Q.^  A  typical  measurement  is  shown  in  Fig.  2  for  a  3.3 
fjim  long  beam,  displaying  clear  resonance  at  0/277 


Frequency  (MHz) 

FIG.  2.  Measured  resonance  of  a  3.9  fim  long  beam,  measured  at  4.2  K  in 
a  transverse  magnetic  field  of  8  T.  The  applied  rf  power  was  —85  dBm. 
Inset:  Measured  resonance  for  a  constant  rf  power  of  —75  dBm,  while  vary¬ 
ing  the  magnetic  field  through  integer  values  from  1  T  (smallest  peak)  to  8 


FIG.  3.  Measured  resonance  frequencies  for  five  beam  lengths  (closed 
points),  with  calculated  resonance  frequencies  Q,q{L)/27t  using  the  nominal 
beam  length  L  (dotted  line),  Q,q{L)I27t  adjusted  for  Au  mass  loading 
(dashed  line),  and  0/27?  using  the  numerically  calculated  frequency  ac¬ 
counting  for  the  stepped  beam  width  (solid  line).  Inset:  Geometry  defining 
the  beam  width  ^  =  0.12  fim,  step  width  W=2A  /xm,  nominal  length  L  and 
effective  length  V  =L  —  2L/ . 


=  82  MHz  with  a  quality  factor  g  =  2.1X10"^.  Varying  the 
magnetic  field  for  a  fixed  rf  drive  power  shows  the  expected 
quadratic  dependence  on  magnetic  field,  shown  in  the  inset 
in  Fig.  2. 

We  measured  a  number  of  resonators  with  different 
beam  lengths  but  fixed  widths;  the  measured  dependence  of 
resonance  frequency  on  nominal  beam  length  L  is  shown  in 
Fig.  3,  along  with  three  theoretical  curves. 

The  resonance  frequency  H  for  a  flexural  beam  of  thick¬ 
ness  t,  width  w  and  length  L  is  given  by  solving  the  Euler- 
Bernoulli  beam  equation. 


,  d^Y 


(I) 


where  Y (x)  is  the  displacement  along  the  thickness  axis,  x  is 
measured  along  the  beam  length,  p  and  E  are  the  density  and 
elastic  modulus,  A  =  wt  the  cross-sectional  area,  and  I 
=  wt^/l2  the  bending  moment  of  inertia;  these  parameters 
can  be  position  dependent. 

For  a  doubly  clamped  beam  with  uniform  material  and 
geometric  parameters,  Eq.  (1)  yields  solutions  with  the  natu¬ 
ral  resonance  frequency  ilo{L)  given  by 


Un(T)  E  t 

- =  1.027  -2. 

277  ypL 
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T  (largest  peak). 
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The  elastic  modulus  for  an  AIN  beam  with  length  along 
the  (1000)  crystal  direction  and  flexure  in  the  (0001)  direc¬ 
tion  is  given  by  £'  =  (cii-ci2)(cii  +  2ci2)/(cii-l-ci2) 
=  280GPa.  *’*°’*^  This  predicted  curve  is  shown  as  a  dotted 
line  in  Fig.  3. 

The  resonators  include  a  thin  Au  film,  with  p 
=  19320kg/m^  and  £'  =  78GPa  (the  Ti  wetting  layer  has  a 
negligible  effect).  The  main  effect  of  the  metal  is  to  mass 
load  the  resonator,  reducing  its  frequency  from  that  given  by 
Eq.  (2).  For  the  large  ratio  of  AIN  thickness  to  the  metal 
thickness  f2,  the  resonance  frequency  for  the  composite 
structure  is  approximately 


10 


2072 
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By  evaluating  Eq.  (3)  for  our  structures,  we  find  a  mass- 
loaded  frequency  flg(L)»“0.67  flo(L),  in  terms  of  the  bare 
resonance  frequency  £Iq{L).  This  curve  is  plotted  as  a 
dashed  line  in  Fig.  3. 

A  second  correction  involves  the  fact  that  the  beams  are 
not  uniform  in  width  along  the  suspended  length,  but  com¬ 
prise  a  0.2  pm  wide  section  of  length  L ' ,  followed  by  a  short 
section  with  width  2.4  pm  and  undercut  length  A/ 
=  0.3  pm  at  either  end.  The  nominal  length  L  is  given  by 
L  =  L'  -\-2A/ .  One  way  to  approximate  the  effect  of  the 
width  increase  is  to  take  the  effective  length  L'  in  Eqs.  (2) 
and  (3),  assuming  that  the  wider  section  of  the  beam  is  rig¬ 
idly  clamped.  However,  the  increase  in  beam  stiffness  pro¬ 
vided  by  the  width  increase  is  not  equivalent  to  clamping  the 
beam,  so  this  does  not  yield  an  accurate  result. 

We  therefore  used  a  version  of  Stodola’s  iterative 
method,*^  in  which  the  flexure  equation,  Eq.  (1),  is  solved 
numerically  for  the  actual  beam  geometry,  yielding  an  excel¬ 
lent  approximation  to  the  actual  mode  shape  Y (x) .  The  reso¬ 
nance  frequency  may  then  be  evaluated  using  Rayleigh’s 
method.  We  have  applied  this  technique  to  the  beam  geom¬ 
etry  shown  in  the  inset  in  Fig.  3.  The  resulting  corrections 
are  YI{L)IYIq{L)  =  1.26-1.41;  the  correction  varies  with  the 
proportion  A/IL.  In  Fig.  3  we  show  this  calculated  fre¬ 
quency  as  a  solid  line,  showing  a  fairly  good  correspondence 
to  the  measured  dependence,  with  no  adjustable  parameters. 

In  conclusion,  we  have  described  the  fabrication  and 
measurement  of  high  frequency  nanomechanical  beams,  fab¬ 
ricated  from  single-crystal  AIN  and  measured  using  a  mag- 
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netomotive  technique.  In  addition,  we  find  that  we  can  fairly 
accurately  account  for  the  beam  frequencies  when  adjusting 
for  mass  loading  and  for  the  specific  beam  geometry.  Appli¬ 
cations  of  these  types  of  structures  to  piezoelectrically  driven 
and  detected  beam  resonances  are  presently  underway. 
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Nanomechanical  systems,  integrated  with  nanoelectronic  transducers  and  sensors,  are  in  an  early 
stage  of  development.  Research  is  focused  on  the  development  of  radiofrequency  mechanical  res¬ 
onators,  sensitive  electrometers  and  magnetometers,  and  potentially  quantum-limited  energy  and 
motion  sensors.  This  paper  will  review  the  current  state  of  our  efforts  in  this  area,  and  will  describe 
research  in  which  the  integration  of  mechanics  and  electronics  will  potentially  allow  the  demon¬ 
stration  of  macroscopic  quantum  effects  in  mechanical  systems.  We  are  particularly  interested  in 
observing  and  measuring  quantum-limited  systems,  whose  behavior  is  strongly  affected  by  the  mea¬ 
surement  system;  such  systems  may  provide  further  insight  into  the  quantum  measurement  process. 


Keywords:  Nanomechanics,  nanoelectronics,  single  electron  transistor,  bolometer 

We  are  developing  a  number  of  novel  approaches  for  the  integration  of  electrical  systems  with  the  mechanical 
degrees  of  freedom  in  nanometer-scale  structures.  Our  central  theme  is  to  unify  the  very  sensitive  characteristics 
of  tunnel  junctions  with  mechanically  suspended  structures.  Projects  underway  include  the  development  of 
a  nanoscale  bolometer  comprising  a  suspended  structure  with  a  very  small  heat  capacity,  weakly  linked  to 
the  environment,  mechanically  suspended  beams  with  an  integrated  two-dimensional  electron  gas,  and  flexural 
resonators  electrically  coupled  to  single  electron  transistors,  which  act  as  displacement  sensors. 


I.  FLEXURAL  RESONATORS 

Flexural  resonators,  either  in  the  form  of  cantilevers  or  doubly-clamped  beams,  form  a  basic  element  in 
nanomechanical  structures.  A  doubly-clamped  resonator  with  thickness  t  and  length  L  has  a  fundamental 
flexural  resonance  frequency  given  by 


^  =  1.027 

27r 


(1) 


FIG.  1:  Series  of  four  AIN  beams,  with  the  undercut  lengths  ranging  from  3.9  to  5.6  fim.  The  beams  are  0.17  ym  thick, 
and  the  widths  are  0.2  ym,  increasing  to  widths  of  2.4  ym  at  either  end. 
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FIG.  2:  Measured  resonance  of  a  3.9  /rm  long  beam,  measured  at  4.2  K  in  a  transverse  magnetic  field  of  8  T.  Applied 
rf  power  was  -85  dBm.  Inset:  Measured  resonance  for  a  constant  rf  power  of  -75  dBm,  while  varying  the  magnetic  field 
through  integer  values  from  1  T  (smallest  peak)  to  8  T  (largest  peak). 


A  beam  fabricated  from  Si  with  thickness  t  =  0.2  ^m  and  a  length  of  100  /rm  has  a  resonance  frequency  of 
about  170  kHz;  shortening  the  length  to  10  /rm  increases  the  frequency  to  17  MHz,  and  a  further  reduction  to 
1  /im  brings  the  frequency  up  to  1.7  GHz.  Quality  factors  for  the  fundamental  resonance  have  been  measured 
in  excess  of  20,000  [1,  2].  Such  resonators  form  candidates  as  stable  local  oscillators  for  time-base  and  frequency 
standards  applications  [3,  4]. 

These  structures  are  coupled  to  external  electronic  circuitry  using  a  number  of  methods:  through  magnetomo¬ 
tive  transduction,  through  electrostatic  displacement  sensing  and  actuation,  and  through  the  piezoelectric  effect. 
The  magnetomotive  technique  [1,  5]  involves  placing  the  mechanically  active  element  in  a  transverse  magnetic 
field,  and  passing  a  current  through  a  metal  film  integrated  with  the  mechanical  structure.  A  Lorentz  force 
develops  as  a  result,  generating  a  displacement;  the  displacement  then  generates  an  electromotive  voltage,  which 
can  be  sensed  using  external  electronics. 

In  Fig.  1  we  show  a  set  of  flexural  beams  fabricated  from  single-crystal  aluminum  nitride.  We  have  been 
developing  this  material  because  of  its  low  density,  high  elastic  modulus,  and  relatively  high  fracture  strength. 
This  material  can  be  grown  as  single  crystal  films  on  (lll)-orientation  Si  wafers  using  metal-organic  chemical- 
vapor  deposition.  The  films  can  subsequently  be  patterned  using  a  combination  of  electron  beam  lithography 
and  thin  metal  film  deposition.  The  AIN  can  be  anisotropically  etched  using  Cl2-based  reactive  ion  etching,  and 
the  substrate  Si  selectively  removed  using  an  isotropic  Si  etch  (ammonium  fluoride,  nitric  acid  and  water).  More 
fabrication  details  are  discussed  below. 

The  structures  shown  in  Fig.  1  were  measured  using  the  magnetomotive  technique;  a  series  of  resonance  curves 
is  shown  in  Fig.  2.  Resonance  frequencies  have  been  measured  [2]  in  the  range  of  40-80  MHz,  with  quality  factors 
measured  to  be  somewhat  higher  than  20,000. 

The  electrostatic  approach  involves  the  use  of  displaceable  capacitors,  where  a  voltage  applied  across  the  plates 
of  a  mechanically  flexible  capacitor  causes  one  plate  to  displace  with  respect  to  the  other.  The  displacement  can 
be  detected  by  monitoring  the  resulting  change  in  capacitance  [3].  An  example  of  a  nanoscale  structure  with 
electrostatic  drive  and  sense,  fabricated  from  single-crystal  Si  using  a  silicon-on-insulator  substrate  as  the  base 
material,  is  shown  in  Fig.  3. 


II.  SET-BASED  DISPLACEMENT  SENSING 

We  are  attempting  to  develop  a  potentially  quantum-limited  displacement  sensing  approach,  based  on  the 
single-electron  transistor  (SET).  The  structure  we  are  fabricating  comprises  a  doubly-clamped  flexural  beam, 
coupled  through  a  capacitive,  mechanically  variable  capacitor  to  the  gate  lead  of  the  SET.  A  micrograph  of  a 
completed  structure,  with  doubly-clamped  beam  and  adjacent  single-electron  transistor,  is  shown  in  Fig.  4.  The 


FIG.  3:  Single-crystal  silicon  flexural  resonators  coupled  by  capacitive  transducers,  allowing  both  displacement  actuation 
and  sensing.  The  horizontal  scale  bar  is  1  /rm.  The  flexural  resonance  frequency  of  these  structures  is  measured  to  be  68 
MHz. 


mechanical  beam  can  be  driven  using  an  external  signal,  using  magnetomotive  displacement;  it  will  also  exhibit 
thermally-driven  fluctuations  due  to  its  finite  value  of  damping,  parameterized  by  the  quality  factor  Q.  Further, 
as  discussed  below,  we  expect  the  beam  to  exhibit  motion  driven  by  the  back-action  measurement  noise  from  the 
SET.  The  beam  can  be  biased  with  a  dc  voltage  Vq,  which  induces  a  coupling  charge  on  the  capacitor;  motion 
of  the  beam  changes  the  charge  coupled  to  the  single-electron  transistor,  modulating  the  drain-source  current  in 
the  transistor. 

In  a  recent  innovation  [6],  the  SET  can  be  used  as  a  radio- frequency  electrometer,  for  which  the  input  charge 
noise  has  been  measured  to  be  about  2  x  10“®  e/-\/Hz.  There  has  been  a  proposal  to  use  the  SET  as  a  displacement 
sensor  [7],  estimating  the  displacement  sensitivity  when  it  is  coupled  to  a  radiofrequency  resonator,  and  a  recent 
estimate  of  the  magnitude  of  the  electrical  back  action  generated  by  the  SET  on  the  resonator  [8]. 

The  displacement  of  the  resonator  is  sensed  by  changes  in  the  coupling  capacitance  Cc  and  the  corresponding 
coupled  charge.  The  sensitivity  of  the  SET  as  a  displacement  sensor  is  determined  by  its  charge  sensitivity,  by 
the  sensitivity  of  the  coupling  capacitance  on  the  resonator  displacement,  and  by  the  magnitude  of  the  SET 
back-action  on  the  mechanical  resonator.  The  back-action  is  caused  by  the  force  exerted  on  the  resonator  when 
the  voltage  on  the  center  island  of  the  SET  fluctuates.  This  can  be  evaluated  as  follows:  The  electrostatic 
charging  energy  of  the  coupling  capacitance  is  £  =  C'cVj?/2,  where  Cc{x)  is  the  position-dependent  capacitance, 
and  X  is  the  displacement  at  the  midpoint  of  the  resonator;  the  voltage  14  is  the  voltage  across  the  coupling 
capacitor.  This  voltage  consists  of  the  externally-imposed  voltage  Vq  and  a  noise  voltage  5V,  which  fluctuates 
due  to  the  stochastic  nature  of  electron  flow  through  the  SET. 

The  electrostatic  force  generated  by  14  is  given  by  F  =  de/dx  =  {V^ l2)dCcl dx.  A  fluctuation  5V  in  the 
voltage  14  gives  rise  to  a  fluctuation  5F  in  the  force  through 

SF  =  Vo^-^SV,  (2) 

where  14  is  the  constant  value  of  14. 

Following  Schwab  [8],  the  noise  voltage  5V  can  be  evaluated  using  the  amplifier  noise  model  developed  for 
the  SET  by  Devoret  and  Schoelkopf  [9].  It  has  a  spectral  density  due  to  the  SET  input  current  noise  Si{uj) 
driving  the  coupling  capacitance  Cc,  given  by  Si{oj)/u}‘^C^.  The  spectral  noise  density  of  the  force  on  the 

resonator  is  then  given  by 


Si{uj) 
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S'f(w) 
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(3) 


An  optimized  SET,  with  both  tunnel  junction  resistances  equal  to  the  quantum  of  resistance  hje^  «  25  kfl, 
has  a  current  noise  that  at  low  frequencies  is  approximately  given  by 
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where  Cy.  is  the  total  capacitance  of  the  SET  island. 
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FIG.  4:  Electron  micrograph  of  a  doubly-clamped  beam  coupled  to  a  single-electron  transistor.  The  resonating  beam 
includes  an  interdigitated  capacitor  Cc(x)  coupled  to  the  gate  of  the  single-electron  transistor;  the  displacement  x  of  the 
beam  center  point  changes  the  coupled  charge,  and  modulates  the  current  through  the  transistor.  The  beam  can  be  biased 
with  a  dc  voltage  Vb. 

The  displacement  spectral  density  Sx{to)  may  then  be  evaluated  using  the  response  function  of  the  resonator; 
for  a  resonator  with  mass  M,  resonance  frequency  flp  and  quality  factor  Q,  this  is  related  to  the  force  spectral 
density  S'f(w)  by 


O  /  N  _  ^  /[-\ 

For  a  high  quality  factor  resonator,  with  Q  ^  1,  the  response  (5)  is  very  narrow-band,  so  the  spectral  density 
of  the  force  (3)  may  be  taken  to  be  frequency-independent,  with  S'/(w)  evaluated  at  w  =  Hq. 

The  back-action  noise  of  the  SET  can  now  be  re-stated  as  an  effective  noise  temperature:  The  dissipation 
associated  with  a  finite  value  of  the  quality  factor  Q  generates  a  fluctuating  force  of  magnitude  [4] 
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where  is  the  temperature;  this  relation  is  determined  by  the  fluctuation-dissipation  theorem.  For  the  SET, 
we  therefore  can  define  an  effective  noise  temperature 


57r  QV^  A 

ISks  MQ,q  y  dx  J  Cy 


(7) 


In  addition  to  the  SET-driven  noise,  the  resonator  has  a  physical  temperature  T,  so  in  the  classical  limit 
ksT  ^  MIq,  the  total  noise  amplitude  of  motion  corresponds  to  a  temperature  T  -|-  Teg. 

This  motion  is  sensed  by  the  SET,  with  a  displacement  sensitivity  determined  by  the  coupling  of  the  resonator 
to  the  SET  and  the  SET  input  voltage  noise  S'y(w).  The  voltage  noise  for  an  optimized  SET  is  given  by 
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FIG.  5:  Displacement  noise  energy  as  a  function  of  coupling  strength  a/ao,  for  different  resonator  temperatures  in  units 
of  the  temperature  quantum  Tq  —  fiflo.  The  optimal  coupling  is  achieved  when  the  minimum  displacement  energy  is 
equal  to  the  thermal  energy. 


and  is  approximately  white.  Referring  the  voltage  noise  as  a  effective  displacement  noise  SxeS,  we  have 
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The  thermally-driven  displacement  has  a  frequency  spectrum  concentrated  in  the  band  centered  on  fig  with  a 
width  Af2  =  2f2o/Q;  integrating  the  noise  power  over  this  band,  we  find  a  mean  square  noise 


AcCjij  =  /  Sx{to)duj  «  1.11 
JAQ 
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The  input  displacement  noise  of  the  SET  integrated  over  the  same  band  gives  a  minimum  detectable  square 
displacement 


Acc^in  =  5'a;eff  Af}  = 
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The  coupling  strength  a  =  V^dCc/dx  can  be  tuned  by  adjusting  the  dc  voltage  Vq;  increasing  the  voltage 
reduces  the  minimum  detectable  displacement  Axmin,  but  also  increases  the  effective  temperature  Teff.  At  zero 
resonator  physical  temperature  T  =  0,  the  optimum  coupling  og  is  achieved  when  Aa;th  =  or  when 


dc,  iMnic^ 
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At  this  optimal  bias  point,  the  minimum  displacement  noise  is  Ax^ij^  =  h/2MidQ,  close  to  that  given  by  the 
standard  quantum  limit  of  h/2MQ.Q.  Taking  a  model  resonator  of  fig  =  27r  x  10®  Hz,  mass  M  =  3  x  10“^®  kg, 
the  rms  displacement  noise  is  4  x  10“^^  m. 

At  non-zero  resonator  temperatures,  the  optimal  coupling  value  a  decreases.  In  Fig.  5  we  show  the  dependence 
of  the  thermal  and  back  action-driven  displacement  energy  MnQAa;^jj/2,  and  the  corresponding  detectable  energy 
MngAa;^;jj/2,  as  a  function  of  coupling  strength.  The  thermal  energy  is  calculated  for  a  number  of  resonator 
temperatures,  in  units  of  the  quantum  temperature  Tq  =  Mlo/ks-  The  optimal  bias  voltage  Vg  is  determined 
by  the  point  at  which  the  minimum  detectable  energy  intersect  the  thermally-driven  motion. 


III.  NANOSCALE  BOLOMETER 


A  second  major  project  is  aimed  at  the  development  of  nanoscale  bolometers,  with  the  potential  for  substan¬ 
tially  increased  sensitivity  to  infrared  light  in  the  frequency  range  of  0.1-10  THz.  A  bolometer  consists  of  a 
volume  whose  temperature  is  changed  by  absorbing  infrared  light,  and  a  thermistor  element  that  detects  the 
changes  in  temperature.  The  volume  has  a  heat  capacity  C,  a  thermal  conductance  to  the  temperature  bath 
Q,  and  a  corresponding  thermal  time  constant  r  =  C/G.  The  minimum  detectable  radiated  power,  called  the 
noise  equivalent  power  (NEP)  is  set  by  thermal  fluctuations  through  the  thermal  conductance,  and  is  equal  to 
NEP  =  \/4PbT^.  Operating  at  lower  temperatures  with  smaller  thermal  conductances  leads  to  smaller  values 
of  the  NEP. 

There  is  a  however  a  quantum  limit  to  the  minimum  achievable  thermal  conductance,  first  predicted  theoreti¬ 
cally  [10-13]  and  later  verified  experimentally  [14].  For  a  thermal  conductance  formed  by  a  nanoscale  wire,  this 
quantum  limit  is  achieved  at  low  temperatures  and  is  given  by 
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where  h  is  Planck’s  constant.  The  corresponding  limit  to  the  noise  equivalent  power  is  given  by 
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At  a  temperature  of  100  mK,  this  corresponds  to  5  x  10“^®  W/Hz^/^;  at  20  mK  this  is  4  x  10“^°  W/Hz^/^, 
values  that  are  10-100  times  smaller  than  is  presently  achievable. 

Even  smaller  values  should  be  achievable  by  engineering  the  thermal  link  that  provides  the  conductance  Q .  The 
quantum  limit  (13)  is  achieved  for  a  straight  wire  with  unity  phonon  transmissivity;  conductances  smaller  than 
this  can  be  achieved  by  engineering  the  phonon  dispersion  relation  for  transmission  through  the  conductance.  We 
have  completed  calculations  that  indicate  that  a  periodically  modulated  structure,  forming  a  phononic  bandgap, 
can  for  a  range  of  temperatures  achieve  a  thermal  conductance  significantly  less  than  the  quantum  limit  [15]. 
An  example  of  such  a  structure  and  its  dispersion  relation  is  shown  in  Fig.  6. 


FIG.  6:  Calculated  dispersion  relation  for  different  modulation  strengths,  using  a  longitudinal  acoustic  model.  The  gap 
Aoj  is  indicated,  as  is  the  bandgap  center  frequency  wq. 

The  corresponding  calculation  for  the  thermal  conductance,  in  units  of  the  quantum  of  thermal  conductance, 
is  shown  in  Fig.  7. 

Structures  such  as  these  may  prove  useful  in  tuning  and  adjusting  the  thermal  conductance  of  nanoscale 
structures. 

We  are  presently  fabricating  and  characterizing  a  nanometer-scale  bolometer,  for  which  we  use  a  mechanically 
suspended  volume  of  semi-insulating  GaAs,  which  is  patterned  using  electron-beam  lithography  to  define  a 
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FIG.  7:  (a)  Calculated  thermal  conductance  in  units  of  the  quantum  of  thermal  conductance  Qq,  for  one  mode  of  a 
phononic  crystal  beam,  as  a  function  of  temperature  normalized  to  the  bandgap  center  u>q.  The  solid  line  is  for  a  simple 
beam,  showing  the  quantum  value  Q /Gq  =  1,  and  the  dotted  lines  are  for  phononic  crystal  beams  with  bandgap  widths 
Auo/uiq  =  0.2,  0.4,  0.6  and  1.  (b)  Thermal  conductance  including  the  higher  order  modes,  for  the  simple  beam  (solid  line) 
and  for  the  same  series  of  modulation  widths  Ata/oio- 


volume,  2  X  3  X  0.2  suspended  by  thin,  4  x  0.2  x  0.2  /im^  legs  from  the  bulk  substrate.  The  thermistor 
element  is  a  aluminum- aluminum  oxide-copper-aluminum  oxide-aluminum  tunnel  (SINIS)  junction,  fabricated  on 
the  surface  of  the  GaAs.  The  volume  of  copper  normal  metal  is  3  x  0.3  x  0.04  /rm^,  and  the  tunnel  characteristics 
of  the  junction  are  sensitive  to  the  temperature  of  the  electrons  in  this  normal  metal.  A  electron  micrograph  and 
sketch  of  the  structure  appears  in  Fig.  8.  This  structure  has  a  heat  capacity  approximately  10'^  times  smaller 
than  micromachined  bolometers,  and  we  anticipate  bolometric  sensitivity  of  order  100  times  higher  than  in  these 
other  bolometer  designs  [16-18]. 
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FIG.  8:  Electron  micrograph  of  a  nanoscale  bolometer,  comprising  a  pair  of  Al-I-Gu-I-Al  (SINIS)  tunnel  junctions  fab¬ 
ricated  on  the  surface  of  a  2  x  3  x  0.2  fire?  GaAs  block,  which  is  suspended  by  four  0.2  x  0.2  x  4  fiw?  beams  from 
the  bulk  substrate.  Below  is  a  sketch  of  the  geometry  including  the  tunnel  junctions,  and  a  highly  simplified  thermal 
model,  indicating  the  heat  capacitance  C  of  the  central  block  (dominated  by  that  of  the  normal  Cu  metal),  and  thermal 
conductance  Q  for  each  of  the  four  beams. 


A  set  of  low  temperature  differential  conductance  curves  as  a  function  of  bias  voltage  are  shown  for  one  of  the 
SINIS  tunnel  junctions,  showing  the  very  strong  temperature  dependence  of  the  zero-bias  conductance,  and  at 
the  lowest  temperature  a  fairly  well-defined  superconducting  gap  A  =  180  /rV  per  junction.  In  tunnel  junctions 
with  large  volumes  of  normal  metal,  the  gap  structure  is  defined  by  large  peaks  in  the  conductance  at  ±A, 
which  are  missing  here;  we  believe  this  is  due  to  very  weak  electron-phonon  coupling  in  these  structures,  which 
causes  excessive  heating  of  the  normal  metal  electrons  at  non-zero  bias;  this  question  is  still  under  investigation. 


However,  the  zero-bias  conductance  is  found  to  be  well  described  by  the  conventional  BCS  theory  for  NIS  tunnel 
junctions  (see  e.g.  Solymar  [19]).  The  non-equilibrium  situation  at  non-zero  bias  can  be  phenomenologically 
explained  using  a  hot-electron  model,  where  the  electrons  in  the  normal  metal  are  thermally  decoupled  from  the 
phonons;  this  effect  is  fairly  well  understood  in  fully  three  dimensional  phonon  systems,  i.e.  in  bulk  insulating 
substrates,  but  the  situation  when  the  substrate  has  a  strongly  reduced  geometry  as  here  is  less  clear.  Calculations 
indicate  that  for  phonons  in  a  fully  three  dimensional  system,  the  effective  electron-phonon  thermal  conductance 
scales  as  the  fifth  power  of  the  electron  temperature  while  in  an  effectively  one-dimensional  phonon  system, 
such  as  applies  here  at  the  lowest  temperatures,  the  electron-phonon  conductance  should  scale  as 
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FIG.  9:  (left)  Conductance  as  a  function  of  bias  voltage  for  a  suspended  SINIS  tunnel  junction,  measured  at  a  series  of 
temperatures  from  25  mK  to  900  mK.  {right)  Zero-bias  conductance  as  a  function  of  temperature,  showing  a  good  match 
to  the  predictions  of  classical  BCS  theory. 

Measurements  of  the  electrical  readout  noise  of  the  SINIS  thermistor  elements  yields  a  temperature  sensitivity 
of  6  /iK/ VHz  at  an  operating  temperature  of  100  mK;  we  estimate  the  thermal  time  constant  r  to  be  4  /isec.  The 
corresponding  estimate  for  the  electrical  noise-limited  NEP  is  2  x  10“^®  W/Hz^/^  at  100  mK,  within  about  a 
factor  of  5  of  what  we  expect.  This  bolometer  should  be  able  to  detect  single  1  THz  photons  with  a  signal-to-noise 
of  unity;  we  are  presently  attempting  to  couple  signals  optically  to  verify  whether  this  is  the  case. 


IV.  FABRICATION  TECHNIQUES 

Our  integrated  structures  are  fabricated  through  a  combination  of  electron-beam  lithography,  metal  deposition, 
anisotropic  reactive  ion-beam  etching,  and  isotropic  wet  etching.  In  Fig.  10  we  display  the  major  steps  associated 
with  a  GaAs-based  structure  definition.  We  start  with  heterostructure  substrate,  comprising  a  bulk,  semi- 
insulating  GaAs  substrate,  a  sacrificial  AlGaAs  layer  0.4  /xm  thick,  and  a  top  semi-insulating  GaAs  structural 
layer  0.2  /xm  thick.  This  heterostructure  is  grown  on  a  bulk  GaAs  substrate  using  molecular  beam  epitaxy 
(MBE),  and  can  be  designed  with  different  layer  sequences,  thicknesses,  and  so  on. 

We  then  begin  patterning  the  structure.  We  use  conventional  electron  beam  lithography  to  pattern  a  poly¬ 
methyl  methacrylate  bilayer  (PMMA),  comprising  a  495  KD  molecular  weight  bottom  layer  and  a  960  KD  weight 
top  layer,  the  PMMA  dissolved  in  an  anisole  solvent.  Each  layer  is  spun  on  at  3  kprm  for  45  seconds  and  baked 
for  10  minutes  at  180°G.  The  pattern  is  exposed  with  a  scanning  electron  microscope  configured  for  lithography; 
the  electron  beam  dosage  is  about  350  fiC/cva^,  with  a  beam  voltage  of  35  kV.  After  exposure,  we  develop 
the  pattern  in  a  1:3  methyl  isobutyl-ketone:isopropyl  alcohol  (MIBK:IPA)  developer,  and  rinse  in  IPA.  The  use 
of  the  PMMA  bilayer,  with  a  lower  resolution  underlayer  and  higher-resolution  top  layer,  yields  a  undercut 
resist  profile  which  gives  a  high-yield  metal  and  insulator  liftoff.  We  then  thermally  evaporate  a  layer  of  SrF2 
(strontium  fluoride),  an  insulating  material  that  has  a  fairly  low  sublimation  point,  lifts  off  well,  and  is  partially 
water-soluble.  The  SrF2  layer  ranges  from  10-100  nm  in  thickness,  depending  on  subsequent  steps.  Following 
the  evaporation,  the  unwanted  SrF2  is  lifted  off  with  the  PMMA  by  soaking  for  several  minutes  in  acetone. 

The  SrF2  provides  an  excellent  mechanical  mask  for  the  subsequent  anisotropic  reactive-ion  etching  of  the 
GaAs  and  AlGaAs  substrate  material.  We  use  a  commercial  parallel-plate  reactive  ion  etcher,  and  flow  pure  GI2 
gas  at  a  pressure  of  5  mtorr  and  a  flow  rate  of  10  seem.  An  rf  power  of  150  W  generates  a  self-biased  plasma 
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FIG.  10:  Suspended  heterostructure  definition,  starting  (1)  with  a  GaAs  heterostruture  substrate,  (2)  patterning  an  etch 
mask,  (3)  anisotropic  etch  of  the  GaAs  and  AIGaAs  layers  and  (4)  sacrificial  wet  etch,  suspending  the  final  structure. 

voltage  of  about  350  V,  and  yields  a  GaAs  and  AIGaAs  etch  rate  of  about  0.1  /rm/min.  The  etch  is  carried  out 
to  a  depth  corresponding  to  complete  etching  of  the  exposed  GaAs  and  AIGaAs  layers,  typically  0.6  /xm,  ending 
on  the  bottom,  bulk  GaAs  layer.  The  SrF2  mask  is  not  noticeably  etched  by  this  process,  and  the  SrF2  can  then 
be  removed  by  soaking  in  distilled  water  for  2-3  minutes. 

Following  this  step,  the  exposed  AIGaAs  can  be  removed  using  either  concentrated  hydrochloric  acid  or  a 
dilute  (10%)  solution  of  hydrofluoric  acid;  these  acids  do  not  noticeably  etch  GaAs,  leaving  the  structural  layer 
intact.  The  etch  time  varies  with  the  size  of  the  desired,  final  suspended  structure.  For  the  structure  we  use  for 
the  bolometer  design  above,  etch  times  of  order  1-2  minutes  are  appropriate. 

The  nanoscale  tunnel  junctions  are  patterned  on  the  surface  of  the  suspended  structure.  These  tunnel  junc¬ 
tions  can  comprise  either  aluminum-aluminum  oxide-aluminum  tunnel  junctions,  which  below  the  supercon¬ 
ducting  transition  temperature  of  A1  (about  1.5  K  for  thin-fllm  aluminum)  forms  a  superconductor-insulator- 
superconductor  (SIS)  tunnel  junction,  or  copper-aluminum  oxide-aluminum  tunnel  junctions  which  are  normal 
metal-insulator-superconductor  (NIS)  junctions  below  1.5  K.  Aluminum  is  an  excellent  material  for  fabrication 
of  such  structures  on  the  deep  sub-micron  scale,  because  it  forms  finely-grained  thin  Aims  that  are  fairly  stable 
in  air,  and  its  oxide  is  thermally  and  mechanically  stable,  providing  a  high-voltage  tunnel  barrier  for  tunnel 
junctions.  The  challenge  in  fabricating  nanoscale  tunnel  junctions  is  that  the  trilayer  (metal-metal  oxide-metal) 
structure  must  be  defined  in  a  single  vacuum  cycle  in  order  to  achieve  high  reliability  structures.  This  can  be 
achieved  either  by  unpatterned,  bulk  trilayer  deposition  of  the  two  metal  Aims  and  intermediate  oxide  layer,  which 
is  subsequently  patterned  to  form  the  tunnel  junction  structures,  or  by  using  a  suspended  resist  bridge  tech¬ 
nique  to  pattern  the  Aims  as  they  are  deposited,  and  using  diflerent  evaporation  angles  to  achieve  he  geometric 
diAerentiation.  We  have  followed  the  latter  approach,  which  is  sketched  out  in  Fig.  11. 

We  spin-coat  the  substrate  with  a  bottom  layer  of  the  copolymer  methyl  methacrylate  and  a  top  layer  of  960 
KD  molecular  weight  PMMA,  the  flrst  spun  at  2  krpm  for  45  seconds  followed  by  a  10  minute  180°G  bake, 
the  second  at  3  kprm  for  45  seconds  followed  by  the  same  180°G  bake.  Exposure  is  done  by  electron-beam 
lithography  at  35  kV  with  a  350  /xG/cm^  dosage;  develop  is  in  1:3  MIBK:IPA  with  an  IPA  rinse.  The  co-polymer 
is  extremely  sensitive  to  the  electron  beam  dosage,  and  overdevelops  approximately  0.3-0. 5  /xm  laterally  beyond 
the  edge  of  the  exposed  pattern.  This  signiflcantly  undercuts  the  top  PMMA  layer  and  allows  us  to  use  the 
directional  nature  of  thermal  evaporation  to  deflne  the  tunnel  junctions,  as  shown  in  Fig.  11. 

Once  the  suspended  bridge  pattern  has  been  deflned,  we  fabricate  the  tunnel  junction  by  placing  the  structure 
in  a  thermal  evaporator,  and  pumping  the  chamber  out  to  a  few  times  10“^  torr.  The  substrate  is  then  tilted  by 
an  angle  of  20-25o  with  respect  to  the  line  of  sight  to  the  evaporation  crucible,  and  a  thin  Aim  (30-100  nm)  of  A1 
is  evaporated  from  a  W  crucible.  The  A1  Aim  is  then  oxidized  by  admitting  a  small  pressure  (~10  mtorr)  of  pure 
oxygen  to  the  chamber,  and  waiting  from  10-100  seconds  to  achieve  the  correct  oxide  thickness.  The  substrate 
is  then  tilted  to  —20°  to  —25°  with  respect  to  the  line  of  sight,  and  a  second  metal  Aim  (either  aluminum  for 
an  SIS  tunnel  junction,  or  copper  for  a  NIS  tunnel  junction)  is  evaporated.  The  completed  structure  is  then 
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4  Evaporation  and  liftoff 
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FIG.  11:  Fabrication  sequence  for  angled  metal  tunnel  junctions;  in  step  (1),  a  bilayer  resist  is  spun  and  baked  on  the 
substrate,  in  (2)  the  electron  beam  lithography  pattern  is  written,  in  (3)  the  pattern  developed  out,  and  in  (4)  metal 
evaporations  are  carried  out  at  two  angles,  defining  the  tunnel  junction  in  the  center  of  the  pattern. 


removed  from  the  evaporator  and  liftoff  completed  in  acetone.  Tunnel  junction  areas  can  range  from  0.01-0.3 
/im^,  depending  on  the  particular  pattern  and  the  tilt  angles,  and  tunnel  junction  resistances  range  from  100 
fl  to  10  Mn,  depending  on  the  junction  area  and  oxidation  time.  Areas  are  highly  repeatable,  and  junction 
resistances  tend  to  reproduce  to  within  a  factor  of  two,  other  factors  being  the  same. 

We  are  also  pursuing  a  quite  different,  parallel  approach  to  integrated  electromechanical  devices.  This  approach 
uses  GaAs  substrates  that  include  a  buried  two-dimensional  electron  gas  in  the  top  structural  layer;  the  two- 
dimensional  electron  gas  can  be  contacted  through  diffused  ohmic  contacts  to  measure  transport  characteristics, 
and  can  be  gated  using  lithographically  patterned  electrostatic  top  gates  that  allow  the  lateral  definition  of  the 
electron  gas  in  the  two-dimensional  sheet.  This  approach  has  been  used  to  define  single  quantum  dots  in  the 
electron  gas  as  well  as  double  quantum  dots,  the  latter  allowing  extremely  sensitive  spectroscopic  probing  of  the 
electrons’  electrical  environment  (see  e.g.  [20]).  We  have  been  pursuing  the  development  of  such  structures  to 
allow  probing  of  the  vibrational  environment,  by  embedding  a  double  quantum  dot  structure  in  a  mechanically 
suspended  structure.  An  example  of  the  types  of  structures  we  are  fabricating  is  shown  in  Fig.  12. 
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Direct  temporal  measurement  of  hot-electron  relaxation  in  a  phonon-cooled  metal  island 
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We  report  temporal  measurements  of  the  electronic  temperature  and  the  electron-phonon  thermal  relaxation 
rate  in  a  micron-scale  metal  island,  with  a  heat  capacity  of  order  1  fJ/K  (C  ~  lO’^  ks)  ■  We  employed  a 
superconductor-insulator-normal  metal  tunnel  junction,  embedded  in  a  radio-frequency  resonator,  as  a  fast  (~ 
20  MHz)  thermometer.  A  resistive  heater  coupled  to  the  island  allowed  us  to  drive  the  electronic  temperature 
well  above  the  phonon  temperature.  Using  this  device,  we  have  directly  measured  the  thermal  relaxation  of  the 
hot  electron  population,  with  a  measured  rate  consistent  with  the  theory  for  dynamic  electron-phonon  cooling. 

PACS  numbers:  65.90.+i,  63.20.Kr,  65.40.Ba 


Measurement  of  the  heat  capacity  C  of  a  thermodynamic 
system,  in  contact  with  a  thermal  reservoir  through  a  thermal 
conductance  G,  necessitates  the  measurement  of  temperature 
over  time  scales  shorter  than  the  characteristic  thermal  relax¬ 
ation  time  T  =  C/G.  For  mesoscopic  devices,  this  time  scale 
becomes  exceedingly  short,  as  both  the  electron  and  phonon 
heat  capacities  scale  with  device  volume  V.  Furthermore, 
it  is  difficult  to  thermally  isolate  a  phonon  system  from  its 
environment,  as  even  a  very  weak  mechanical  suspension  is 
limited  at  low  temperatures  by  the  scale-independent  quan¬ 
tum  of  phonon  thermal  conductance  [1^].  Electrons  in  a 
metal  however  naturally  decouple  from  their  phonon  envi¬ 
ronment  at  low  temperatures,  with  an  electron-phonon  ther¬ 
mal  conductance  Ge-p  oc  VT'^.  As  the  electron  heat  ca¬ 
pacity  scales  as  oc  VT,  the  electron-phonon  thermal  re¬ 
laxation  time  Te_p  =  C^IGf.-p  is  independent  of  volume, 
and  scales  as  T~^ .  At  1  K,  Te_p  is  of  order  10  nanosec¬ 
onds,  a  time  scale  that  is  accessible  using  a  radio-frequency 
superconductor-insulator-normal  metal  (rf-SIN)  tunnel  junc¬ 
tion  thermometer  [5]. 

In  this  letter,  we  present  large-bandwidth  measurements 
of  the  electronic  temperature  of  a  micron-scale  metal  island. 
Our  measurement  has  ample  bandwidth  with  which  to  directly 
measure  Te_p  at  temperatures  up  to  1  K.  This  system  therefore 
allows  us  to  probe  the  thermodynamic  behavior  of  electrons  in 
very  small  metal  volumes,  potentially  with  heat  capacities  as 
small  as  10  ks-  Such  small  metal  volumes  are  prime  can¬ 
didates  for  energy  absorbers  in  far-infrared  photon-counting 
bolometers  [3],  and  would  allow  unprecedented  calorimet¬ 
ric  sensitivity  in  the  mesoscopic  regime.  Measurements  over 
time  scales  shorter  than  Tg-p  are  also  critical  for  developing 
a  complete  understanding  of  the  thermodynamics  of  meso¬ 
scopic  systems. 

The  thermal  decoupling  of  electrons  and  phonons  at  low 
temperatures  was  first  described  theoretically  by  Little  [6], 
with  a  more  general  discussion  provided  by  Gantmakher  [7]. 
For  a  bulk  metal  with  volume  V,  the  power  flow  Pg-p  from 
the  electron  gas  at  temperature  Tg  to  the  phonon  gas  at  Tp  is 
given  by 

Pg.p  =  ^V{T^-Tp,  (1) 

where  S  is  a  material-dependent  parameter.  For  a  spherical 


Fermi  surface  and  a  Debye  phonon  gas,  n  =  5. 

A  number  of  researchers  have  verified  that  Eq.  (1)  applies 
to  the  static  heating  of  thin-film  metals,  albeit  with  n  slightly 
lower  than  5  (fit  values  for  n  fall  in  the  range  from  4.5  to 
4.9,  with  values  for  S  in  the  range  1  —  2  x  10®  W/m^-K® 
[8,  9]).  These  measurements  were  made  using  a  dc  supercon¬ 
ducting  quantum  interference  device  (dc-SQUID)  to  measure 
the  Johnson-Nyquist  noise  in  the  metal  film,  and  thus  extract 
the  electronic  temperature. 

A  second  approach  to  measuring  the  electron  temperature 
in  thin  metal  films  was  presented  by  Nahum  et  al.  [10]:  using 
a  SIN  tunnel  junction  as  an  electronic  thermometer.  These  au¬ 
thors  suggested  that  such  a  structure  could  form  the  heart  of  a 
bolometric  detector.  Measurements  of  the  static  energy  distri¬ 
bution  of  electrons  in  a  normal  metal  under  voltage  bias  were 
made  by  Pothier  et  al.  using  a  similar  SIN-based  thermometer 

[11] .  Yung  et  al.  [3]  also  demonstrated  a  SIN  thermometer  in 
contact  with  a  normal  metal  island,  the  whole  fabricated  on  a 
micron-scale  suspended  GaAs  substrate. 

Here  we  study  the  dynamic  temperature  response  of  a  small 
metal  island  using  a  SIN  tunnel  junction  thermometer.  Well 
below  the  superconducting  transition  temperature  Tc,  the 
tunnel  junction’s  small-signal  resistance  at  zero  bias,  i?o  = 
dV/dI{0),  is  exponentially  dependent  on  the  ratio  of  temper¬ 
ature  T  to  the  superconducting  energy  gap  A,  Rq  cx  _ 

A  sub-micron  scale  SIN  tunnel  junction  therefore  has  a  low- 
temperature  resistance  that  can  easily  exceed  10®  H,  limiting 
conventional  time-domain  measurements  to  bandwidths  of  or¬ 
der  1  kHz.  In  order  to  monitor  changes  in  this  resistance  at 
sub-microsecond  time  scales,  we  circumvent  the  unavoidable 
stray  capacitance  in  the  measurement  circuit  by  embedding 
the  junction  in  a  LG  resonant  circuit,  as  shown  in  Eig.  1 

[12] .  We  then  measure  the  resistance  of  the  SIN  junction, 
and  thus  the  normal  metal  electron  temperature,  by  measur¬ 
ing  the  power  reflected  from  the  circuit  at  the  LG  resonance 
frequency.  A  change  of  the  junction  resistance  i?o,  induced 
by  heating  the  electrons,  in  turn  changes  the  amplitude  of  the 
reflected  radio  frequency  signal.  In  this  technique,  the  stray 
cable  capacitance  G  is  in  resonance  with  the  inductor  L,  the 
resonator  also  serving  to  impedance-match  the  resistance  of 
the  tunnel  junction  to  the  measurement  system.  This  readout 
scheme  is  analogous  to  that  employed  in  the  radio-frequency 
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single  electron  transistor  (rf-SET)  [13]. 

Our  device  is  fabricated  on  a  4x 4x0.5  mm^  single-crystal 
GaAs  chip  using  four  lithography  steps.  A  85  nm  thick  Au 
center  island  and  wire-bond  pads  were  first  deposited  on  the 
GaAs  substrate;  an  intermediate  Au  pad  was  also  deposited 
in  this  layer.  We  then  deposited  a  100  nm  thick  NiCr  film, 
designed  to  have  a  50  O  resistance,  matching  the  characteris¬ 
tic  cable  impedance  Zq.  The  ground  leads  and  heater  contact 
were  evaporated  in  the  third  layer,  using  superconducting  A1 
to  ensure  thermal  isolation  below  1  K  [14].  The  NiCr  contacts 
the  A1  via  the  intermediate  Au  pad,  to  ensure  low  interfacial 
resistivity.  The  tunnel  junction  thermometer  was  deposited  in 
the  fourth  lithography  step.  We  used  a  standard  suspended 
resist  bridge,  double-angle  evaporation  method  to  define  the 
tunnel  junction  [15]:  A  90  nm  thick  A1  electrode  was  evapo¬ 
rated,  and  the  A1  then  oxidized  in  200  mTorr  of  pure  O2  for  90 
s.  The  junction  was  completed  by  evaporating  a  90  nm  thick 
Cu  counterelectrode,  which  also  contacted  the  center  Au  is¬ 
land. 

The  device  is  shown  in  Fig.  1(a).  Note  that  the  Au  center 
island  is  electrically  grounded,  so  that  heating  signals  applied 
to  the  NiCr  resistor  do  not  couple  directly  to  the  SIN  junction, 
but  instead  affect  it  by  changing  the  temperature  of  the  Au 
island.  The  heating  signals  are  in  principle  therefore  limited 
by  diffusion  time  from  the  NiCr  through  the  Au  island  and 
then  along  the  Cu  electrode  to  the  SIN  tunnel  junction;  we 
estimate  this  time  to  be  less  than  10  ns. 

We  mounted  the  chip  containing  the  device  on  a  printed 
circuit  board,  which  was  enclosed  in  a  brass  box.  Gold  wire 
bonds  (25  /rm  diameter)  were  made  between  the  Au  bond  pads 
on  the  chip  and  Cu  coplanar  striplines  on  the  circuit  board. 
A  chip  inductor  with  L  =  390  nH  was  placed  in  series  with 
the  SIN  junction.  The  resonance  capacitance  C  was  from  the 
geometric  capacitance  of  the  stripline  and  Au  bond  pads,  with 
C  =  0.5  pF.  The  expected  LC  resonance  frequency  is  fres  = 
l/27r(LC')^/^  =  350  MHz,  the  tuned  circuit  quality  factor 
is  Q  =  \JlICZq  =  20,  and  the  measurement  bandwidth 
is  A/  =  fres  IQ  —  20  MHz.  The  measurement  circuit  is 
shown  in  Fig.  1(b).  The  tunnel  junction  is  configured  for 
simultaneous  dc  and  rf  measurements  via  a  bias  tee,  not  shown 
in  Fig.  1. 

We  have  described  the  technical  aspects  of  rf-SIN  ther¬ 
mometry  elsewhere  [5].  Here  we  will  describe  the  salient  as¬ 
pects  as  they  pertain  to  these  measurements.  We  determined 
the  resonance  frequency  of  the  LC  circuit  to  be  345  MHz. 
A  carrier  signal  source  was  connected  through  a  directional 
coupler  to  a  coaxial  line,  which  was  in  turn  connected  to  the 
LC  resonant  circuit.  The  carrier  frequency  was  set  close  to 
the  LC  resonant  frequency  [16].  The  signal  reflected  from 
the  LC  resonator  was  high-pass  filtered  and  amplified  using 
a  low-noise  amplifier.  This  amplified  signal  was  then  mixed 
with  a  local  oscillator  (lo),  provided  by  a  second  rf  signal 
source  phase-locked  to  the  carrier  source.  The  intermediate 
frequency  (if)  output  from  the  mixer  was  low-pass  filtered, 
amplified,  and  the  resulting  time-dependent  signal  captured  by 
a  sampling  oscilloscope.  The  NiCr  resistor  was  heated  using 


either  a  dc  or  an  rf  pulsed  source:  A  pulse  sent  to  the  resistor 
heats  the  NiCr,  the  Au  island  and  the  Cu  electrode,  changing 
the  electron  temperature,  and  therefore  changing  the  ampli¬ 
tude  of  the  carrier  signal  reflected  from  the  tuned  LC  circuit, 
as  shown  in  Fig.  1(d). 

In  order  to  characterize  the  response  of  the  system,  we  first 
heated  the  NiCr  resistor  using  a  /q  =  25  kHz  sinusoidal  drive 
signal.  Figure  2  shows  the  response  for  various  drive  powers. 
The  if  signal  was  low-pass  filtered  (/  <  2  MHz),  and  each 
curve  is  the  result  of  averaging  256  drive  periods.  The  left  axis 
is  the  mixer  if  voltage,  and  the  labels  on  the  right  axis  indicate 
the  electron  temperature  inferred  from  the  change  in  reflected 
signal.  The  instantaneous  power  dissipated  in  the  resistor  is 
proportional  to  the  square  of  the  voltage  applied  the  heater 
{P{f)  =  V'^ft) / RNiCr)',  this  causes  the  reflected  signal  to  be 
modulated  at  twice  the  heater  signal,  2/o  =  50  kHz.  At  low 
powers  P,  contributions  at  25  kHz  were  also  present,  due  to 
a  small  dc  offset  on  the  heater  voltage  V{f),  V{t)  =  Vdc  + 
Vo  sin  27r/of.  At  the  highest  powers,  the  reflected  signal  is 
clipped  near  the  A1  superconducting  transition  temperature: 
The  junction  resistance  is  temperature-independent  above  Tq. 

The  measured  signal  depends  on  the  proper  adjustment  of 
the  detection  mixer’s  local  oscillator  (lo)  phase.  In  order  to 
correctly  adjust  this  phase,  we  first  applied  a  heater  signal 
sufficient  to  get  a  clipped  response.  The  phase  of  the  lo  was 
then  adjusted  to  achieve  maximum  differential  response  be¬ 
tween  the  lowest  (=  300  mK)  and  highest  (=  1400  mK)  elec¬ 
tron  temperatures.  The  SIN  junction  ranges  from  105  kH  to  6 
kH  over  this  temperature  range,  and  passes  through  the  value 
of  Ro  where  optimal  matching  with  the  cable  impedance  oc¬ 
curs  [17].  In  the  parlance  of  radio-frequency  electronics,  the 
carrier  signal  is  over-modulated,  so  the  absolute  value  of  the 
reflected  power  is  a  non-monotonic  function  of  temperature. 
However,  as  we  are  sensitive  to  the  phase  of  the  carrier,  the 
proper  quadrature  of  the  mixer  if  voltage  does  have  a  mono¬ 
tonic  response.  Finally,  the  reflected  if  signal  as  a  function  of 
cryostat  temperature,  for  no  heater  voltage  applied,  was  used 
to  construct  the  temperature  calibration,  Vif{T). 

We  measured  the  quasi-static  relation  between  the  electron- 
phonon  power  flow  Pe-p  and  the  electron  and  phonon  temper¬ 
atures,  Te  and  Tp,  as  given  by  Eq.  (1).  We  applied  a  series  of 
3  fis  pulses  while  varying  the  peak  heating  power,  and  moni¬ 
tored  the  resulting  time-dependent  electron  temperature.  The 
substrate  temperature  was  kept  at  300  mK.  The  signal  was 
filtered  with  a  2  MHz  low-pass  filter,  and  the  result  of  256  av¬ 
erages  is  shown  in  Fig.  2.  This  is  equivalent  to  a  dc  heating 
measurement  with  a  key  difference,  namely  that  as  the  heating 
pulses  were  delivered  to  the  device  at  a  1  kHz  repetition  rate, 
the  duty  cycle  was  only  0.3%,  so  that  the  substrate  phonons 
did  not  have  sufficient  time  to  heat.  The  equivalent  measure¬ 
ment  in  a  dc  heating  experiment  requires  300  times  as  much 
power,  with  significant  phonon  heating  a  likely  outcome.  We 
find  a  fit  relation  matching  that  of  Eq.  (1),  with  n  =  4.7  and 
S  =  2.1x  10®  W/m3-K4-7,  in  good  agreement  with  previously 
measured  values  [3,  8,  9]. 

We  finally  performed  measurements  of  dynamic  electron- 
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phonon  cooling,  by  monitoring  the  detailed  time-dependent 
behavior  of  the  electron  temperature  at  the  end  of  a  heating 
pulse.  Figure  3  shows  the  measured  response  to  a  heater  pulse 
(2560  averages,  using  a  50  MHz  low-pass  filter).  The  heating 
voltage  pulse  was  configured  to  have  1.6  ns  leading  and  trail¬ 
ing  edge  widths.  The  initial  temperature  rise  is  at  least  as  fast 
as  the  time  resolution  of  the  measurement,  with  an  expected 
rate  T  =  P/Ce  =  140  mK/nsec,  as  we  are  directly  heating 
the  electron  population.  The  rapid  onset  also  indicates  that 
electron  diffusion  in  the  composite  metal  structure  is  not  a 
rate-limiting  factor.  At  the  end  of  the  pulse,  the  heating  power 
drops  to  zero,  leaving  a  non-equilibrium  hot  electron  popula¬ 
tion  that  relaxes  by  phonon  emission.  Initially  this  relaxation 
is  seen  to  be  quite  rapid,  but  it  slows  markedly  as  the  electron 
temperature  nears  the  phonon  temperature. 

The  shape  of  the  relaxation  curve  shown  in  Fig.  4  can  be 
understood  by  examining  the  dynamics  of  the  electron  tem¬ 
perature.  The  electron  heat  capacity  is  Ce  =  'yVTg,  where  7 
is  the  Sommerfeld  constant.  The  power  flow  to  the  phonons 
is  given  by  Eq.  (1).  The  time  rate  of  change  of  the  electron 
temperature  T).  is  then 
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in  terms  of  the  small  signal  thermal  relaxation  rate  T~_p  = 
nSTp~‘^ for  electrons  near  the  phonon  temperature  [18]. 
We  fit  our  measured  response  to  Eq.  (3)  using  this  rate  as  the 
only  adjustable  parameter,  finding  the  value  Te-p  =  1.6  /iS 

[19] .  This  is  in  agreement  with  the  measured  value  of  S,  and 
a  composite  7  which  takes  into  account  the  relative  metal  vol¬ 
umes  in  the  device.  We  can  thus  determine  the  the  heat  capac¬ 
ity  of  the  metal  island,  Ce  ~  1  fJ/K  =  l(f  ks  at  300  mK. 

There  are  some  extremely  interesting  opportunities  for  elec¬ 
tronic  calorimetry  in  this  temperature  and  size  regime.  In¬ 
triguing  theoretical  results  have  been  presented  for  the  ther¬ 
modynamic  response  of  mesoscopic  superconducting  disks 

[20] ,  and  giant  moment  electronic  paramagnets  such  as  PdMn 

[21]  and  PdEe  [22]  offer  a  means  of  probing  the  thermody¬ 
namics  of  a  mesoscopic  phonon-electron-spin-coupled  sys¬ 
tem. 

We  are  far  from  the  ultimate  calorimetric  limits  for  this 
technique.  Devices  with  active  metal  volumes  that  are  smaller 
by  a  factor  of  10'^  — 10^  can  be  fabricated,  yielding  a  total  heat 
capacity  of  order  ~  10  —  100  ks  at  30  mK.  Changes  in  the 
heat  capacity  of  less  than  10%  are  easily  detected,  yielding 
a  sensitivity  of  order  1  ks,  i.e.  that  associated  with  a  single 
degree  of  freedom. 

In  summary,  we  have  performed  sub-/is  timescale  measure¬ 
ments  of  the  electron  temperature  of  a  micron  scale  metal  is¬ 
land,  cooled  dynamically  by  phonon  emission.  The  ability  to 


apply  and  measure  the  response  to  fast  heat  pulses  has  permit¬ 
ted  us  to  directly  measure  the  electron-phonon  thermal  relax¬ 
ation,  and  thus  extract  the  heat  capacity  of  the  metal  island. 
This,  to  our  knowledge,  is  the  smallest  measured  heat  capac¬ 
ity  to  date.  The  device  that  we  have  fabricated  is  a  major  step 
forward  for  mesoscopic  thermodynamics,  provides  a  platform 
for  sub-aJ/K  calorimetry,  and  can  potentially  play  an  impor¬ 
tant  role  in  future  single  photon  and  phonon  bolometers. 
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FIG.  1:  (Color  Online)(a)  Optical  micrograph  of  the  electron 
calorimeter.  The  center  An  island  is  contacted  on  the  left  by  a  rf- 
SIN  thermometer,  and  on  the  right  by  a  NiCr  resistor.  The  outer 
ground  leads  and  the  contact  right  of  the  resistor  are  superconduct¬ 
ing  Al.  inset:  Detail  drawing  of  the  SIN  junction,  A1  shown  in  gray, 
Cu  in  white,  and  overlap  junction  area  in  black.  The  dotted  outlines 
are  fabrication  artifacts,  (b)  Electrical  circuit.  The  SIN  thermome¬ 
ter  is  embedded  in  an  LC  resonator  formed  by  a  discrete  inductor 
and  the  stray  lead  capacitance.  The  junction  resistance  is  monitored 
using  the  power  reflected  from  the  LC  resonator  at  its  resonance  fre¬ 
quency.  (c)  Thermal  schematic.  The  calorimeter  electron  gas  Ce 
is  thermally  isolated  by  the  superconducting  Al  contacts  (Gai)\  the 
dominant  thermal  link  is  thus  through  the  substrate  phonons  (Ge-p). 
The  NiCr  resistor  directly  heats  the  electron  gas.  (d)  Timing  diagram. 
The  voltage  pulse  applied  to  the  heater  causes  the  temperature  to  rise, 
saturate,  and  then  decay.  The  envelope  of  the  reflected  power  from 
the  LC  resonator  is  directly  related  to  the  temperature. 
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FIG.  2:  (Color  Online)  Response  to  a  25  kHz  heater  drive  {left  axis: 
Mixerif  voltage,  ng/jfaxw:  Electronic  temperature).  The  thermome¬ 
ter  response  is  at  50  kHz  as  discussed  in  the  text.  Each  trace  is  the 
result  of  256  averages  with  a  2  MHz  low-pass  filter.  The  baseline 
signal  is  for  zero  heater  power,  with  power  ranging  from  300  pW  to 
100  nW.  At  the  highest  power  the  signal  clips  at  T  =  Tc  ~  1400 
mK.  The  25  kHz  components  at  low  power  are  due  to  a  dc  offset  in 
the  heater  signal. 
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FIG.  3:  Composite  response  to  pulsed  heating  signals,  with  pulses 
3.0  fis  long  with  peak  power  0.1,  0.3,  0.8,  2.2,  6.2,  17.6,  49.0,  and 
140  nW.  The  resulting  electronic  temperature  for  each  pulse  is  used 
to  determine  the  relation  P{Ts,Tp).  Inset:  The  solid  line  is  a  fit  to 
P{Te,Tp)  =  VE{Tf  -  T^),  with  Tp  =  300  mK,  n  =  4.7,  V  =  IQ 
/rm®,  and  S  =  2.1x  10®  W/m®-K^  '^. 
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FIG.  4:  (Color  Online)  Response  to  a  3.0  /is  pulse  with  peak  power 
140  nW  applied  to  the  heater.  The  electronic  temperature  quickly 
rises  to  «  1400  mK  at  the  start  of  the  pulse.  The  trailing  edge  of 
the  response  decays  with  a  temperature-dependent  relaxation  time. 
The  solid  line  is  a  fit  to  the  thermal  model  discussed  in  the  text.  The 
ringing  is  due  to  the  if  amplifier  circuit. 
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We  describe  a  quantum-information-processing  architecture  based  on  the  integration  of  ultrahigh- 
frequency  nanomechanical  resonators  with  Josephson-junction-based  qnbit  circnits,  which  can  be 
used  to  implement  the  single-  and  multi-qnbit  operations  critical  to  qnantnm  computation.  The 
qnbits  are  eigenstates  of  large-area,  current-biased  Josephson  junctions,  manipulated  and  measured 
using  strobed  external  circuitry.  Two  or  more  of  these  “phase  qubits”  are  coupled  to  a  high-quality- 
factor  piezoelectric  mechanical  resonator,  which  forms  the  backbone  of  our  architecture,  enabling 
coherent  manipulation  of  the  qubits.  The  integrated  system  is  analogous  to  one  or  more  few-level 
atoms  (the  Josephson  junction  qubits)  in  a  tunable  electromagnetic  cavity  (the  nanomechanical 
resonator).  Our  architecture  combines  the  best  features  of  solid-state  and  cavity-QED  approaches, 
and  may  make  possible  multi-qubit  information  processing  in  a  scalable,  solid-state  environment. 
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The  lack  of  scalable  qubit  architectures,  with  suffi¬ 
ciently  long  quantum-coherence  lifetimes  and  a  suitably 
controllable  entanglement  scheme,  remains  the  princi¬ 
pal  roadblock  to  building  a  large-scale  quantum  com¬ 
puter.  Superconducting  devices  exhibit  robust  macro¬ 
scopic  quantum  behavior  [1].  Recently,  there  have  been 
exciting  demonstrations  of  long-lived  Rabi  oscillations  in 
current-biased  Josephson  junctions  [2,  3],  subsequently 
combined  with  a  two-qubit  coupling  scheme  [4],  and  in 
parallel,  demonstrations  of  Rabi  oscillations  and  Ramsey 
fringes  in  a  Cooper-pair  box  [5-7].  These  accomplish¬ 
ments  have  generated  significant  interest  in  the  poten¬ 
tial  for  Josephson-junction-based  quantum  computation 
[8] .  Coherence  times  up  to  5  /xs  have  been  reported  in 
the  current-biased  devices  [2] ,  with  corresponding  quality 
factors  Q,p  =  AE/h  of  the  order  of  10^,  yielding  suffi¬ 
cient  coherence  time  to  perform  many  logical  operations. 
Here  AE  is  the  qubit  energy  level  spacing. 

In  this  paper,  we  describe  an  architecture  in  which 
ultrahigh-frequency  resonators  coherently  couple  two  or 
more  current-biased  Josephson  junctions,  where  the  su¬ 
perconducting  “phase  qubits”  are  formed  from  the  energy 
eigenstates  of  the  junctions.  We  show  that  the  system  is 
analogous  to  one  or  more  few-level  atoms  (the  Josephson 
junctions)  in  a  tunable  electromagnetic  cavity  (the  res¬ 
onator),  except  that  here  we  can  individually  tune  the 
energy  level  spacing  of  each  atom,  and  control  the  elec¬ 
tromagnetic  interaction  strength. 

Other  investigators  have  proposed  the  use  of  electro¬ 
magnetic  [9-16]  or  superconducting]!?,  18]  resonators  to 
couple  two  or  more  Josephson  junctions  together.  The 
use  of  nanomechanical  resonators  to  mediate  multi-qubit 
operations  has  not  to  our  knowledge  been  described  pre¬ 
viously,  although  an  approach  to  create  entangled  states 
of  a  single  nanomechanical  resonator  has  been  proposed 
[19].  The  use  of  mechanical  as  opposed  to  electromag¬ 
netic  resonators  has  the  advantage  that  potentially  much 
higher  quality  factors  can  be  achieved  [20],  with  signifi- 


FIG.  1:  Left:  Equivalent-circuit  model  for  a  current-biased 
Josephson  junction.  A  capacitance  C  and  resistance  R  in 
parallel  with  an  ideal  Josephson  element  with  critical  current 
Jo,  all  with  a  bias  current  R.  Right:  Metastable  potential 
well  in  the  cubic  potential  limit,  showing  the  barrier  height 
AU  that  separates  the  metastable  states  from  the  continuum. 
Here  there  are  three  quasi-bound  states  jO),  jl),  and  |2),  the 
lower  two  separated  in  energy  by  AE. 


cantly  smaller  physical  dimensions,  enabling  a  truly  scal¬ 
able  approach. 

Our  implementation  uses  large-area  current-biased 
Josephson  junctions,  with  capacitance  C  and  critical  cur¬ 
rent  Iq]  a  circuit  model  is  shown  in  Fig.  1.  The  largest 
relevant  energy  is  the  Josephson  energy  Ej  =  /i/o/2e, 
with  a  charging  energy  Ec  =  (2e)^/2C  <C  Ej.  The  dy¬ 
namics  of  the  Josephson  phase  difference  <5  is  that  of 
a  particle  of  mass  M  =  fi^CjAe^  moving  in  an  effec¬ 
tive  potential  U{S)  =  —Ej{cosS  s6),  for  bias  current 
s  =  Ib/Io  [21,  22].  For  bias  currents  s  <  1,  the  po¬ 
tential  U{S)  has  metastable  minima,  separated  from  the 
continuum  by  a  barrier  AU  =  t/(Jniax)  —  U{Smin)  — *■ 
(4^2/3) Aj(l  -  s)3/2  for  s  ^  1  ,  as  shown  in  Fig.  1. 
The  curvature  U''{5)  defines  the  small-amplitude  plasma 
frequency  Wp  =  /M  =  a;po(l  —  with 

Wpo  =  \/2eIblhC  =  \j2EcEj /h.  The  Hamiltonian  for 
the  junction  phase  difference  is  i7j  =  P‘^/2M  -b  U{S), 
with  P  =  —ihd/dS  the  momentum  operator.  The  junc- 
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FIG.  2:  Proposed  architecture  for  achieving  two-qubit  entan¬ 
glement  with  the  use  of  a  nanomechanical  resonator.  The 
qubits  are  the  two  Josephson  junctions,  coupled  to  a  res¬ 
onator,  shown  as  a  disc  with  a  split  gate. 


tion’s  zero-voltage  state  corresponds  to  the  phase  “par¬ 
ticle”  trapped  in  one  of  the  metastable  minima. 

The  lowest  two  quasi-bound  states  in  a  local  minimum, 
|0)  and  |1),  define  the  phase  qubit.  State  preparation  is 
typically  carried  out  with  s  just  below  unity,  in  the  range 
s  =  0.95  —  0.99,  where  the  effective  potential  U{S)  is 
strongly  anharmonic,  and  for  which  there  are  only  a  few 
quasibound  states  [3,  4] .  The  anharmonicity  allows  state 
preparation  from  a  classical  radiofrequency  (rf)  field,  as 
then  the  frequency  of  the  classical  field  can  be  set  to  cou¬ 
ple  to  only  the  lowest  two  states.  In  our  information  pro¬ 
cessing  scheme,  by  contrast,  single  quanta  are  exchanged 
between  the  junction  and  the  resonator,  so  anharmonic¬ 
ity  is  not  necessary;  we  find  it  convenient  to  work  with  s 
between  0.5  and  0.9. 

We  will  focus  here  on  coupling  a  single  resonator  to 
two  Josephson  qubits;  the  extension  to  larger  numbers  of 
resonators  and  junctions  will  be  considered  in  later  work. 
The  architecture  for  the  two-junction  circuit  is  shown  in 
Fig.  2.  The  disk-shaped  element  in  the  center  of  the 
figure  is  the  nanomechanical  resonator,  consisting  of  a 
single-crystal  piezoelectric  disc  sandwiched  between  two 
metal  plates,  and  the  Josephson  junctions  are  the  crossed 
boxes  on  either  side  of  the  resonator.  We  assume  the  use 
of  high-impedance  measurement  and  bias  circuits  for  the 
junctions,  such  as  those  developed  by  Martinis  et  al.  [3]. 

The  phase  qubit  state  |0)j  of  a  single  junction  is  pre¬ 
pared  by  waiting  for  any  excited  component  to  decay. 
The  pure  state  |l)j,  or  a  superposition  state  a|0)j-|-/3|l)j, 
is  prepared  by  adding  a  classical  rf  current  Jrf  to  the  bias, 
=  Idc  +  Jrf  cos(a;rft).  Both  Jdc  and  /rf  vary  slowly 
compared  to  H/AE.  When  is  near  resonance  with 
the  level  spacing  AE/h,  the  qubit  will  undergo  Rabi  os¬ 
cillations,  allowing  the  controlled  preparation  of  linear 
combinations  of  |0)j  and  |l)j. 

The  nanomechanical  resonator  is  designed  with  a  fun¬ 
damental  thickness  resonance  frequency  a-’o/27r  ^  1  — 
10  GHz,  with  a  quality  factor  Q  ^  10®  —  10®.  Piezo¬ 
electric  dilatational  resonators  with  thickness  resonance 
frequencies  in  this  range,  and  quality  factors  of  order 
of  10®  at  room  temperature,  have  been  fabricated  from 
sputtered  AIN  [23,  24].  Single-crystal  AIN  can  also  be 
grown  by  chemical  vapor  deposition  [25].  Our  simula¬ 


tions  are  based  on  such  a  resonator,  with  a  diameter  and 
thickness  of  1  x  0.5  fj,m?  [26].  Such  resonators  can  be  used 
to  coherently  store  a  qubit  state  prepared  in  a  current- 
biased  Josephson  junction,  return  it  to  that  junction,  or 
transfer  it  to  another  junction,  as  well  as  entangle  two 
or  more  junctions.  These  operations  are  performed  by 
tuning  the  energy  level  spacing  AE  into  resonance  with 
hioo,  generating  electromechanical  Rabi  oscillations. 

Referring  to  Fig.  2,  the  total  bias  current  of  junction 
1  is  /del  +  /res)  where  Aes  is  the  current  through  the 
resonator  from  that  junction.  A  simple  model  for  the 
resonator  [27]  allows  us  to  write  Aes  =  C'res(R  +  hsdU), 
where  Cres  is  the  resonator  geometric  capacitance,  ^33 
the  relevant  piezoelectric  coupling  constant,  V  the  rate  of 
voltage  change,  and  U  the  rate  of  change  of  the  mechan¬ 
ical  displacement.  The  current  Aes  is  partly  due  to  the 
capacitance  C^es  and  partly  due  to  the  piezoelectrically- 
coupled  displacement  U .  Cres,  in  parallel  with  the  junc¬ 
tion  capacitance  C,  renormalizes  the  phase  mass  M  to 
M  =  where  C  =  C  +  Cres- 

With  the  resonator  coupled  to  the  superconducting 
phase  through  the  voltage  V,  the  Hamiltonian  for  the 
combined  junction-resonator  system  is  //  =  Hj  -|-  //res  + 
6H.  Here  //res  =  hui^a^ a  is  the  Hamiltonian  of  the  iso¬ 
lated  resonator,  where  we  have  quantized  the  resonator 
displacement  field  with  creation  (destruction)  operators 
(a),  and  only  included  the  fundamental  dilatational 
mode.  5E[  is  the  phase-resonator  interaction, 

5H  =  —  (h Creshss /2e)U  6  =  ig{a  —  a^)J,  (1) 

where  the  coupling  constant  g  is 

_  Vs  Cres  ^33  V^ 

2V2eVW  ' 

For  our  model  resonator  g  k,  0.820  /xeV. 

In  the  junction  eigenstate  basis,  the  junction  Hamilto¬ 
nian  is  //j  =  ^mVyrCrn,  with  Creation  (destruction) 
operators  c]),  (Cm)  acting  on  the  phase  qubit  state.  The 
interaction  Hamiltonian  is 

5H  =  ig'^{m\5\m')c\r,Cm.'{a-V).  (3) 

mm' 

The  eigenstates  of  the  noninteracting  Hamiltonian  Hq  = 
//j  J-  Hres  are  \‘mn)  =  |to)j  G  |n)resj  with  energies 
Emn  =  Cm  +  ^0  n,  where  n  is  the  resonator  occupa¬ 
tion  number.  An  arbitrary  state  can  be  expanded  as 
{t)\mn)  exp(—iEmnt / fi)  with  ampli¬ 
tudes  C-mnit). 

The  full  Hamiltonian  is  equivalent  to  that  of  a  few-level 
atom  in  an  electromagnetic  cavity.  The  cavity  “photons” 
here  are  phonons,  which  interact  with  the  “atoms”  (here 
the  Josephson  junctions)  via  the  piezoelectric  effect.  This 
analogy  will  allow  us  to  adapt  quantum-information  pro¬ 
cessing  protocols  developed  for  cavity-QED  to  our  solid- 
state  architecture. 
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We  first  show  that  we  can  coherently  transfer  a  qubit 
state  from  a  junction  to  a  resonator,  using  the  adiabatic 
approximation  combined  with  the  rotating-wave  approx¬ 
imation  (RWA)  of  quantum  optics  [28] .  We  assume  that 
the  bias  current  s  changes  slowly  on  the  time  scale  hj AE, 
and  work  at  temperature  T  —  0.  The  RWA  is  valid  when 
AE  and  Hluq  are  close  on  the  scale  of  Hujo/Qies,  and  when 
the  interaction  strength  g  AE.  At  time  t  =  0,  we 
prepare  the  resonator  in  the  state  |0)res-  In  the  RWA, 
neglecting  relaxation,  we  obtain  the  amplitude  evolution 

ihdtcon  =  -ig  Vn  {0\6\1)  ci^n-i 
ihdtcin  =  jg  VuT+T  (1|(5|0)  co,n-i-i,  (4) 


where  Wd  =  wq  —  AE/h  is  the  resonator-qubit  detun¬ 
ing.  We  integrate  to  find  the  reduced  density  matrices 
pj{t)  (in  the  qubit  subspace)  and  Pres(t)  (in  the  zero-  and 
one-phonon  resonator  subspace).  The  junction  phase  is 
initially  prepared  in  the  pure  state  a|0)j  -I-  /3|l)j,  corre¬ 
sponding  to  the  reduced  density  matrix 


PJ(0) 


jap  afi* 
|/3|2 


(5) 


We  allow  the  junction  and  resonator  to  interact  for  a 
time  At  =  Tr/fld,  where  the  Rabi  frequency  is  fid  = 
in  terms  of  the  tuned  (resonant)  value 
fto  =  2g|(0|(5|l)|/ti.  After  the  interaction  interval  At, 
the  resonator  is  then  found  to  be  in  the  same  pure  state, 


Presi'^ /^d)  — 


jap  -0/3* 

|/3|2 


,  (6) 


apart  from  expected  phase  factors.  The  phase  qubit  state 
has  been  swapped  with  that  of  the  resonator.  The  cavity- 
QED  analog  of  this  operation  has  been  demonstrated  ex¬ 
perimentally  in  Ref.  [29]. 

To  assess  the  limitations  of  the  RWA,  we  have  simu¬ 
lated  this  process  by  numerically  integrating  the  exact 
amplitude  equations 


ihcmn  =  c„/„/ .  (7) 

m'n' 


The  Josephson  junction  had  parameters  corresponding 
Ref.  [3],  Ei  =  43.05  meV  and  Ec  =  53.33  neV.  We  used  a 
4th-order  Runge-Kutta  method  with  a  time  step  of  10  fs. 
Our  main  result  is  shown  in  Fig.  3.  The  qubit  transfer 
depends  sensitively  on  the  shape  of  the  profile  s(t),  which 
starts  at  s  =  0.50,  and  is  then  adiabatically  changed  to 
the  resonant  value  s  =  0.928.  We  find  that  the  time 
during  which  s  changes  should  be  at  least  exponentially 
localized.  This  can  be  understood  by  recalling  that  the 
RWA  requires  the  qubit  to  be  exactly  in  resonance  with 
the  resonator  (in  the  Q  oo  limit).  Therefore  one  must 
bring  the  system  into  resonance  as  quickly  as  possible 
without  violating  adiabaticity.  The  power-law  tails  asso¬ 
ciated  with  an  arctangent  function,  for  example,  lead  to 


0  10  20  30  40  50 

Time  (ns) 


FIG.  3:  (a)  Phase  qubit  storage.  Solid  curve  is  |cio(t)|^, 
dashed  curve  is  analytic  RWA  calculation,  dash-dotted  curve 
is  s{t).  (b)  Qubit  storage  with  arctangent  bias-current  profile. 
All  other  parameters  are  the  same  as  in  (a).  Solid  curve  is 
numerical  result  for  |cio(t)|^. 


TABLE  I:  Final  state  amplitndes  Crnn{Tf /fid)  for  phase-qubit 
coupled  to  nanomechanical  resonator. 


probability  amplitude 

R,6  Cmn 

Im  Cmn 

\Cmnf 

Coo 

-0.009 

-0.006 

0.000 

coi 

-0.252 

-0.972 

1.007 

ClO 

0.018 

0.090 

0.008 

Cll 

-0.010 

0.003 

0.000 

deviations  from  the  desired  behavior,  shown  in  Fig.  3(b). 
The  result  in  Fig.  3(a)  was  obtained  using  Gaussian  pro¬ 
files  with  a  cross-over  time  of  1  ns.  All  quasibound  states 
were  included  in  the  calculation,  and  convergence  with 
the  resonator’s  Hilbert  space  dimension  was  obtained. 
The  junction  is  held  in  resonance  for  half  a  Rabi  period 
IT /fid,  during  which  energy  is  exchanged  at  the  Rabi  fre¬ 
quency.  The  systems  are  then  brought  out  of  resonance. 
The  final  state  amplitudes  are  given  in  Table  I,  and  are 
quite  close  to  the  RWA  results. 

To  pass  a  qubit  state  a|0)  +  /3|1)  from  junction  1  to 
junction  2,  the  state  is  loaded  into  the  first  junction  and 
the  bias  current  changed  to  bring  the  junction  into  res¬ 
onance  with  the  resonator  for  half  a  Rabi  period.  This 
writes  the  state  a|0)  -I-  /3|1)  into  the  resonator.  After 
the  first  junction  is  taken  out  of  resonance,  the  second 
junction  is  brought  into  resonance  for  half  a  Rabi  period, 
passing  the  state  to  the  second  junction.  We  have  simu¬ 
lated  this  operation  numerically,  assuming  two  identical 
junctions  coupled  to  the  resonator  described  above.  The 
results  are  shown  in  Fig.  4  and  Table  I,  where  Cmim^n  is 
the  probability  amplitude  (in  the  interaction  representa¬ 
tion)  to  find  the  system  in  the  state  \m1m2n),  with  mi 
and  m2  labelling  the  states  of  the  two  junctions. 


4 


FIG.  4:  Qubit  transfer  between  two  junctions.  Solid  curve 
is  |cioo(t)|^,  dashed-dotted  curve  is  |cooi(t)P,  dashed  curve  is 
|coio(t)p.  Thin  solid  and  dotted  curves  show  si(t)  and  S2(t). 


TABLE  II:  Final  amplitudes  Cmim2n  for  state  transfer. 


probability  amplitude 

R6  Cmim2Ti 

Im  Cmim2Ti 

1  Cmim2fi  1 

ClOO 

0.038 

-0.013 

0.002 

Cool 

-0.314 

0.152 

0.121 

coio 

-0.882 

0.422 

0.956 

We  can  prepare  an  entangled  state  of  two  junctions  by 
bringing  the  first  junction  into  resonance  with  the  res¬ 
onator  for  one  quarter  of  a  Rabi  period  [30] ,  which,  ac¬ 
cording  to  our  RWA  analysis,  produces  the  state  (jlOO)  — 
|001))/-\/2.  After  bringing  the  second  junction  into  res¬ 
onance  for  a  half  of  a  Rabi  period,  the  state  of  the  res¬ 
onator  and  second  junction  are  swapped,  leaving  the  sys¬ 
tem  in  the  state  (jlOO)  —  |010))/-\/2  with  a  probability 
of  0.987,  where  the  resonator  is  in  the  ground  state  and 
the  junctions  are  entangled.  Using  the  cavity-QED  anal¬ 
ogy,  it  will  be  possible  to  transfer  the  methodology  devel¬ 
oped  for  the  standard  two-qubit  operations,  in  particular 
controlled-NOT  logic,  to  the  electromechanical  system, 
using  mostly  existing  technology  and  demonstrated  tech¬ 
niques. 


FIG.  5:  Preparation  of  entangled  Josephson  junctions.  The 
solid  and  dotted  lines  are  s\{t)  and  S2{t),  respectively,  and 
the  dashed  curve  indicates  the  probability  for  the  system  to 
be  found  in  the  state  (|100)  —  |010))/\/2. 
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